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In the present analysis, we have investigated the effects of thermal radiation on an unsteady three-dimensional boundary
layer flow of an incompressible viscous fluid and heat transfer due to a permeable axisymmetric shrinking sheet with suction
and power-law variation in wall temperature. The similarity transformations have been used to convert the governing partial
differential equations into non-linear ordinary differential equations and then solved numerically by shooting technique. The
conditions of the existence, non-existence and duality of the similarity solution have been explored by the investigation
where the solution depends not only on suction parameter but on unsteadiness parameter also. Further, it has been emerged
that the range of the suction parameter S, where the similarity solution exists, is increased with the increase of unsteadiness
parameter A. Also, the graphs of velocity profile, temperature profile, skin-friction coefficient and rate of heat transfer at the

sheet have been drawn with various values of the parameters and then discussed these characteristic features in detail.
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1 Introduction

The viscous flow over a stretching/shrinking sheet
has enamours applications in engineering processes
such as glass-fiber production, wire drawing, paper
production and extraction of polymer sheets etc.
Crane' was the first who investigated the steady
viscous flow of an incompressible fluid over a
linearly stretching sheet and gave a closed analytical
similarity solution. Gupta and Gupta® studied the heat
and mass transfer problem in Newtonian boundary
layer flow due to a stretching sheet with suction and
blowing. A steady three-dimensional flow of viscous
fluid over a plane surface which was stretched in its
own plane in two lateral directions at different rates
was considered by Wang®. Further, Ariel® gave
generalized 3D flow due to a stretching sheet. Three
dimensional flow over a stretching surface with
thermal radiation and heat generation in the presence
of the chemical reaction and suction/injunction was
studied by Elbashbeshy er al’. Recently, MHD
stagnation point flow and heat transfer of a
micropolar fluid over a stretching sheet was
investigated by Jat er al’. Again, Jat et al.’ studied
MHD boundary layer flow and heat and mass transfer
for viscous flow over nonlinearly stretching sheet in a
porous medium.
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Recently, the flow induced by a shrinking sheet has
attracted more considerable interest due to its quite
distinct physical phenomena in comparison with the
flow due to the stretching sheet. On the shrinking
sheet, a steady boundary layer flow is not possible
unless the vorticity generated in this case is confined
within the boundary layer. Therefore, the flow needs a
certain amount of external suction at the porous sheet
to maintain the boundary layer structure. First of all,
Wang® found the concept of flow due to a shrinking
sheet while investigating the behaviour of liquid film
on the unsteady stretching sheet. Consequently,
Miklavcic and Wang® investigated both two-
dimensional and axisymmetric flow due to a shrinking
sheet in the presence of uniform suction and approved
that the existence of the similarity solution is only
possible in a certain range of suction parameter. The
2D as well as axisymmetric stagnation-point flow
towards a shrinking sheet was considered by Wang'®.
Muhaimin and Khamis'' studied the effects of heat
and mass transfer on nonlinear MHD boundary layer
flow over a shrinking sheet in the presence of suction.
A series solution of three-dimensional MHD and
rotating flow over a shrinking sheet with suction was
obtained by Hayat et al.'>. Fang and Zhang" obtained
an analytical solution of thermal boundary layer flow
over a shrinking sheet. Bhattacharyya'® gave the
effects of radiation and heat source/sink on unsteady
MHD boundary layer flow and heat transfer over a
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shrinking sheet with suction/injection. Bhattacharyya
and Layek' studied the stagnation-point flow and heat
transfer towards a shrinking sheet with thermal
radiation and Suction. While, the axisymmetric
stagnation flow over axisymmetric shrinking sheet is
taken by Rajotia and Jat'®. Further, Jat and Rajotia'’
studied dual solutions of MHD flow and heat transfer
over a shrinking sheet with variable wall temperature
and then slip flow past an nonlinearly shrinking
sheet investigated by Ghosh er al'®. Recently,
Casson fluid flow with variable wall temperature and
thermal radiation was taken by Bhattacharyya et al.".
Consequently, dual nature study of thermophysical
effects of water driven nanoparticles on MHD
axisymmetric permeable shrinking sheet was
considered by Haq er al® and then, Ghosh and
Mukhopadhayay®' observed the flow of nanofluid due
to exponentially shrinking sheet.

In the above investigation only steady state
condition is considered. However, in some conditions,
the flow becomes time dependent and it is necessary
to consider the flow of unsteadiness. Devi er al.”
studied the unsteady three-dimensional boundary flow
with heat and mass transfer due to a stretching
surface. Mukhopadhyay and Anderson® investigated
slip effects on unsteady two dimensional flow and
heat transfer over a stretching sheet. Then, radiative
effect on the flow and heat transfer over an unsteady
stretching sheet was given by Abd El-Aziz**. The
viscous flow over an unsteady shrinking sheet with
mass transfer was studied by Fang er al® and
obtained multiple branch solutions in a certain range
of mass suction and unsteadiness parameters. Bachok
et al*® considered an unsteady 3D flow due to a
permeable shrinking sheet. Further, Chamkha et al.”’
analyzed the effects of chemical reaction on unsteady
free convective heat and mass transfer on a porous
stretching surface in a porous medium. Consequently,
unsteady Casson fluid flow over non-linear stretching
sheet was considered by Ullah er al*®. Recently,
Aurangzaib et al.” investigated the effect of partial
slip of unsteady MHD stagnation flow of micropolar
fluid over the shrinking sheet.

However, in the above analysis, the effects of
radiation on unsteady three-dimensional boundary
layer flow past a shrinking sheet are not studied yet.
Therefore, in the present analysis, we are investigating
the effects of unsteadiness parameter with thermal
radiation on 3D boundary layer flow and heat transfer
due a permeable axisymmetric shrinking sheet with
suction and power-law variation in wall temperature.

2 Formulation of Problem

Consider an unsteady three dimensional boundary
layer flow of an incompressible viscous fluid and heat
transfer due to a permeable sheet which shrinks into
two lateral directions with the same rate in its own
plane (Fig. 1). The velocity components u, v and w
are taken along the x, y and z directions, respectively,
where the x andy axes are along the length and
breadth of the sheet and the z axis is perpendicular to
the sheet. On the surface of the sheet, the shrinking
velocities with dimension t ™1 are:

u=U(xt)=—ax/(1—-«t),
v=V(y,t) =—ay/(1-x t),

where a(> 0) is the shrinking constant and o« (> 0)
is a constant.

Under the usual boundary layer approximations,
the basic governing boundary layer equations of
continuity, momentum and heat are given as

o g—;+3—j=o (1)
Z—?+u3—z+vg—§+wg—z=1/% - (2)
Crul v awi=viy .0
Z—Z+u2—§+vg—§+w3—:=£g%—%% @

where v =* /p is the kinematic viscosity, p is the

dynamic viscosity, p is the density of the fluid, T is
the temperature, k is the fluid thermal conductivity,
diffusion coefficient, c;, is the specific heat at constant

pressure andg, is the radiative heat flux.

Using Rosseland approximation for radiation
3 ing. = — ()2
(Brewster™), we obtain q, = (3k) py

the Stefan-Boltzmann constant and k is absorption
coefficient. We consider that the temperature

where o is

Z

Y

Fig. 1 — Systematic diagram of physical model.
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variation within the flow is such that T# may be
expanded about T,, in a Taylor series. Therefore, by
neglecting the higher order terms of the series, we get,
T* = 4T3T — 3T} Hence, the Eq. (4) reduces as:

oT oT oT oT K 160T2\ 0°T
E-}-Uaﬁ'v (pCp 3kpcp)ﬁ ... (5

The boundary conditions applicable to the present
flow are:

-w
\/ﬁ’T =Ty,

z->o:u—->0,v->0andT - T, ... (6)

z=0:u=U(xt),v=V(y,t),w=

where W (> 0) is the suction velocity in the z-
direction, T, = T, + To(xy)*/(1—x t)? is  the
variable surface temperature, T, > 0 is the constant
and n is the power-law exponent signifying the
change of amount of heat on the shrinking sheet.

3 Analysis
Introducing the following similarity transformations
and dimensionless variables 1, f (1) and 6(n)):

u=axf (n)/(1-«1),
v=ayf (m)/(1-xt),
w==2Vavf(n)/{/(1-x t),
T=T,+ (T, —T,)0(M),

n:z\/m ..(N

Equation (1) is identically satisfied by similarity
transformations, while Eqgs (2) and (3) convert into a
same Eq. (8) and Eq. (5) becomes as Eq. (9):

frreff -t —A(f + 1) =0, -~ (®)
(3R + 4)0" + 6RPr [fe’ —nfo—A (e + ge)] =0, .09

Corresponding boundary conditions are:

n=0:f(m) =S5, f=-16() =1,
n-oo:f (M- 0060n -0,

whereAd = «/a is the unsteadiness parameter,
R = kk/4cT2 is the thermal radiation parameter,
Pr = pcp/x is the Prandtl number,S = W/ 2Vav is
the suction parameter, and a prime denotes
differentiation with respect to similarity variable 7.

The skin friction coefficient at the surface of the
shrinking sheet is denoted by Sg; and Spy along the x
and y-directions, respectively, and the rate of heat
transfer at the surface of the sheet, i.e., Nusselt
number Nu are given as:

... (10)

St = Twx/ (PU?/2) = [2//Re]f"(0),
Sfy = ’Ewy/(pVZ/Z) = [Z/JR_e}/]fN(O)a
Nu = —x(3T/02) =0/ (Tw — T..) = —/Re;8 (0),

Where 1y = w(0u/02),-0and 1y, = p(0v/02),-¢
are the wall shear stresses and Re, = \/v(1-x t)/ax? =
Ux/v, andRe, = [v(1—x t)/ay? =Vy/v, are the local
Reynolds numbers along the x and y-directions,
respectively.

4 Numerical Method of Solution

The Boundary value problem (BVP) formed by the
set of nonlinear ordinary differential Eqs (8) and (9)
along with boundary conditions (10) can be solved
numerically by converting it to an initial value
problem (IVP) using the shooting technique. We set
them into the following system of first order
equations:

fl=pp'=qq4=-2fq+p*+A+59)  ..(11)
0 =r,
r'=[6RPr/(3R + 4)[~fr +npd + A (0 + gr)

.. (12)
With boundary conditions
f(0) =5,p(0) =-1,0(0) =1,
f'(n,) =0,0(n,) =0, - (13)

In order to integrate the system of Eqs (11) and (12)
as an IVP, one requires a value for q(0), i.e., f'(0)
and 7(0), i.e., 0'(0) but no such values are given in
boundary condition (13). Now, choosing the suitable
guesses for f ”(0) and 9/(0) and using the fourth order
Runge—Kutta method to solve the IVP, a solution is
obtained. Comparing the calculated values of f'(1),
and 6(n) atm_ = 10 (a suitable finite value ofn — o
which gives asymptotic approach to all the solutions)
with the given boundary conditions f '(noo) and O(n_)

and adjusting the estimated values of f '/(O) and 9'(0)
using the Secant method to obtain Dbetter
approximation for the solution. Here, the step-size is
taken as An = 0.001 and the above procedure is
repeated until the converged results are obtained
within a tolerance limit of 1077, All the computations
are done in the Matlab software.

5 Results and Discussion

Before analyzing the numerical computation for the
present problem with various values of the parameters
involved such as suction parameter S, unsteadiness
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parameter A, Prandtl number Pr, radiation parameter
R and power-law exponent n, we firstly discuss
about previously published analytical result of
Miklavcic and Wang’, who gave analytical solution
for viscous flow due to a shrinking sheet in the
presence of uniform suction for steady state condition,
ie, A=0 as f(n) = S?/(S +n), which was valid for
S =,/6/(2m — 1) (where m is the shrinking parameter
with m =1 for sheet shrinks in x- direction only
while m = 2 for axisymmetric shrinking sheet). In the
case axisymmetric shrinking sheet, he noticed that
for S < (S, = 1.31175869) there exist no solution and
for S > (S; = 14238297 ~ +/2) there exists only one
solution, i.e., unique solution while dual solutions
exist for §p < § < S;.

Now, for a comparative analysis with Miklavcic
and Wang’, we have plotted the Fig. 2 of the skin
friction coefficient f"(0) against S for several values
of A. It is noticed that for A =0, i.e., for steady-
state condition, there exists no similarity solution
for § < 1.3117 = S, and consequently, there exist the
dual solutions for all values of S = 1.3117. Hence, in
the steady-state condition, the present numerical
investigation explores the conditions of either no
solution or dual solutions. In other words we can say
that in the present numerical investigation there exists
only dual solution in the both certain ranges of
existence of unique as well as dual solutions of
suction parameter S given by Miklavcic and Wang’,
which is also a new result for us. Further, it is also
observed that in the case of first solutions (upper
branch), the skin friction coefficient f"'(0) increases
for increasing values of S and A. While in the case of
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Fig. 2 — Variations of f"(0) with S for various values of 4.

the second solution (lower branch), for increasing
values of S it initially decreases then it starts to
increase and at the end it again decreases. With
increase of A, the f"(0) decreases for very small
values S and for large values of S it increases.

The range of S for the existence and the non-
existence of the dual solutions for different values of
A is given in Table 1. It can be easily seen from Fig. 2
and Table 1 that with an increament in the values of
A, the range of S where the similarity solutions exist,
also increases. This is also a new solution
emerged from the numerical investigation. Here, the
enhancement in the existing range of similarity
solution due to increment in unsteadiness condition is
physically realistic. For increasing values of
unsteadiness parameter, the generation of the vorticity
at the sheet is slightly reduced and therefore, to
contain the vorticity within the boundary layer the
required adequate suction can be taken smaller than to
take in the case of steady-state. Hence, the similarity
solution is possible for smaller values of S as well in
the presence of the unsteady-state condition.

The velocity profiles f'(n) for several values of
S in the presence of unsteady shrinking sheet are
depicted in Fig. 3. It is noticed that for increasing

of T . . . — .
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Fig. 3 — Velocity profile f'(n) for various values of S.

Table 1 — Ranges of S for the existence and non-existence of
dual solutions for several values of 4.

A Existence of dual solution Non-existence of solution

0 S =>13117 S <1.3117
0.1 S > 1.3050 S§ < 1.3050
0.2 S = 1.2915 § < 1.2915
0.3 §$=>1.2776 §$<1.2776
0.4 S = 1.2597 S§ < 1.2597
0.5 S > 1.2352 S <1.2352
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values of S, the velocity profile increases for the first
solution while decreases for the second solution case.
The curves of temperature profile 6(n) for several
values of S in the presence of unsteady shrinking
sheet with radiation effect are plotted in Fig. 4.
It is noticed that for increasing values of S, the
temperature at a point decreases for the first solution
while increases for the second solution case.
Therefore, we can say that with the increasing values
of suction parameter S, the velocity as well as thermal
boundary layer thickness both decreases in the case
of first solution while in the case second solution
both increases. The velocity profiles f'(n) for several
values of A in the presence of suction are displayed in
Fig. 5. It is noticed that with increase of A, the

T T T T T T T T
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Fig. 4 — Temperature profile for various values of S.
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Fig. 5 — Velocity profile f'(n) for various values of A.

velocity profile increases for the first solution while
for the second solution it behaves oppositely, i.e., it
decreases. Figure 6 exhibits that with increase of 4,
the temperature ata point decreases for the first

solution while for the second solution it decreases
near the sheet but after a certain distance normal
to the sheet it increases. Figure 7 exhibits the
temperature profile for various values of Pr in the
presence of suction over an unsteady shrinking sheet.
It is found that the temperature profile as well as
thermal boundary layer thickness decreases with
increasing values of Pr for both the first and second
solution cases.The effects of radiation parameter R on
the temperature profile are shown in Fig. 8. It is
noticed from that for the both solutions, the
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Fig. 6 — Temperature profile for various values of 4.
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Fig. 7 — Temperature profile for various values of Pr.
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temperature as well as the thermal boundary layer
thickness decreases as the parameter R increases.
Now the effect of power-law exponent n on the
temperature profile is displayed in Fig. 9. It is
observed that as the values of n increases, the thermal
boundary layer thickness as well as temperature
profile increases very fastly near the sheet and for
large values ofm, the temperature profile is vanishes
as expected. Also, from all the figures of temperature
profiles it is evident to conclude that the thermal
boundary layer thickness for the second solution is
higher than that of first solution case.

Now, the curves for the rate of heat transfer at the
sheet or the local Nusselt number, i.e., —9'(0) with
S for various values of unsteadiness parameter A,

1 T
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4
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% — =
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=t *,
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\* e,
0.3F W o i
NS %%
\§~ 8,
02 \§~ ..:tfg. S
Say iy,
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i o g, .
e T
Mo,
[1] S
s . ‘ ‘ s . . ‘ ‘
0 1 2 3 4 5 6 7 8 9 10

1.8} Blue Lines - First Solutions | [,....... a=10]1
Red Lines - Second Solutions ’
16/ N \ L ] | ewsssem n=10| 4
=20

A=0.1,Pr=207,

Fig. 9 — Temperature profile for various values of n.

Prandtl number Pr, radiation parameter R and power-
law exponent n are given in Figs 10-13, respectively.

It is seen from Fig. 10 that with increase of A4, —9'(0)
increases for both the cases of first solution and
second solution at a certain value of S. Figures 11-12

exhibit that for increasing values of Pr and R,—GV(O)
increases in the case of first solution while in second
solution case, it decreases. Further, Fig. 13 exhibits
that —9'(0) decreases with increasing values of n in
both the cases of first and second solutions.
Moreover, from all these figures it can be easily seen
that with increasing values of S, —9'(0) increases in
the case of first solution, while for second solution
case it decreases.
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Fig. 11 — —0'(0) with S for various values of Pr.
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Fig. 12 — —6,(0) with S for various values of R.
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Fig. 13 — —0'(0) with S for various values of 7.

6 Conclusions

The objective of the present work is to analyze the
effects of radiation parameter on unsteady three-
dimensional boundary layer flow and heat transfer
due to a permeable axisymmetric shrinking sheet with
suction and power-law distribution of surface
temperature. The set of nonlinear ordinary differential
equations is solved numerically using Runge- Kutta
forth order algorithm with the shooting technique.
Numerically it is observed that with the increase of
unsteadiness parameter A4, the certain range of the
suction parameter S where the similarity solution
of dual type exists, increases. With increase of
suction and unsteadiness parameter, the skin friction
coefficient increases in the case of first solution, while

for the second solution it gives fluctuating nature.
The further investigation explores that the thermal
boundary layer thickness of second solution case is
higher than that of first solution case. Finally, the rate
of heat transfer at the sheet increases with increase of
unsteadiness parameter, Prandtl number, radiation
parameter and suction parameter, while decreases
with increase of power-law exponent parameter for
the first solution case. On the other hand, i.e., for
second solution case, it increases with increase of
unsteadiness parameter while decreases with increase
of Prandtl number, radiation parameter, suction
parameter and power-law exponent parameter.
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