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In superconducting magnetic levitation systems, interaction models between a high temperature superconductor and a
permanent magnet are useful to analyze the dynamics of the levitated system. In this study, stiffness equations of a
superconducting levitation system using a disk and a ring permanent are obtained using frozen image concept. The variation
of the stiffness has been analyzed for vertical movements of the PMs. For engineering applications, accuracy of such models
should be tested experimentally. An experimental PM-HTS setup has been built to verify the obtained models for different
cooling height conditions. Levitation forces computed using the frozen image approach for the disk and ring PMs are
converged to the experimental results when the cooling heights are smaller values.
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1 Introduction

The technological developments concerning with
superconducting magnetic levitation have great
advancement especially in energy storage systems and
maglev transportation applications'™. Superconducting
magnetic bearing (SMB) has advantages due to
passively stable characteristics with considerable
stiffness in the radial and axial directions®. In bearing
applications in mechanical systems, there are two
types of bearings configurations considering the
loading direction such as radial and axial bearings. If
a rotor-PM is located inside a hollow HTS cylinder or
a ring HTS, then the resulting levitation structure
creates a radial or journal magnetic bearing’. The
levitation of a permanent magnet over a bulk high
temperature superconductor creates an axial type
bearing configuration. In most axial type PM-HTS
levitation systems, a disk PM is generally used
with a rotor element. In some superconducting
levitation applications, it is necessary to understand
the variation of the levitation forces with different
PM shapes.

The interaction models are used to calculate the
levitation force and stiffness between PM and HTS. In
engineering systems, such models are useful to
predict the dynamics of the levitated system. The
frozen image approach® was used to calculate the
vertical and horizontal levitation forces and
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stiffness’s. As is well known, the frozen image model
does not include hysteresis in the HTS. For small
movements of the PM, the frozen image model
successfully predicts the force of interaction between
the disk PM and the bulk HTS"*.

The variation of the levitation force for different
permanent magnet shapes can be analyzed using
current modeling approaches. In this study, a disk PM
and a ring PM over a bulk HTS is modeled and
stiffness equations are derived for the vertical
displacement of PMs. For the proposed disk and ring
shaped PM-HTS systems, the stiffness’s are computed
on the basis of magnetic potentials obtained with the
frozen image concept. Some experimental verification
are presented and compared with analytical results for
decreasing cooling heights of the disk and ring PMs.

2 Interaction Modeling

2.1 Disk PM-HTS levitation system

A disk PM over a bulk HTS is a basic
superconducting levitation system as depicted in
Fig. 1. Here, Fig. 1(a) shows the PM at cooling
position and Fig. 1(b) shows the PM at levitation
position. In references®®'’, the frozen image
technique is explained in an ideal situation where the
superconductor is a large surface with no dimension
and a permanent magnet is levitating above the flat
surface. In practice, the HTS has a certain dimension
with different shapes. Assuming that the bulk HTS
has a large size comparing to the PM, the geometry
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illustrated in Fig. 1 can be considered within the
scope of the frozen image technique. Moreover, a tilt
angle @ that occurs in levitation from the vertical due
to the in homogeneities in the magnetism of the PM
and the HTS is accepted in the analysis. Note that the
tilt angle is considered in cooling phase (Fig. 1(a))
due to the fact that the frozen image is not rotating as
well as not moving.

The frozen image approach is applied to the disk
PM-HTS levitation system. In this approach, a
magnetic dipole is assumed to be located in the
geometric center of the PM. A combination of frozen
dipole (flux pinning) and mirror dipole (diamagnetic
image) appear inside the HTS material. Considering
the superconducting levitation system, the total
interaction potential U, , of the system is given as:

Uy, =Uy, + Ufra - (D)
where U, and U , are the diamagnetic and the

frozen image potentials, respectively. Equations
of the diamagnetic and frozen image potentials
are obtained as:
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Fig. 1 — Disk PM-HTS levitation system for the frozen image
approach (a) cooling phase and (b) levitation phase
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Where  A4,..,4;  show  the trigonometric
relations and are derived as A; = 1+ cos?0,1, =
1 — 3sin?fcos?@,A; = 1 — 3sin?Osinp, 1, = 1 —
3c0s%6,1s = sin?0sin@cosp, Ag = sinfcosBcosg
and A, = sinfcosfOsing, and. Here, # is the angle
between rotational magnetization symmetry axes of

the PM with the vertical direction and @ is the dipole
angle at x— y plane (not seen in Fig. 1). The

stiffness in X direction due to vertical displacement
of the disk PM is obtained by taking partial derivative

of the diamagnetic and the frozen parts and
substituting the variables x=0, y=0, z=7%,
6 = 6 and ¢=gas follows:
— aledia + azUﬁ'O
xx_disk T axz ax2
_ Moty 24, =54,
Ar | (2e-7z)
_C)

Also, the stiffness in Z direction due to vertical
displacement of the disk PM is obtained as:
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.. (5)
Table 1 shows the magnetic moments and the position
vector that used in derivation of the stiffness

equations. In Table 1, m,,is the magnetic moment of

the dipole from the disk PM, and 1, is the magnetic
moment of the dipole from the diamagnetic image of

Table 1 — Magnetic moments of the disk PM-HTS system

Images Magnetic moments Position vectors

Dipole-diamagnetic iy, =m, (sin @cos @X +sin Gsin @5 +cos 67) F=ri+ny+rz
iy, =m, (sin@cos @ +sin Gsin ¢ —cos H2) r,=0,1,=0,1,=2-2z7

Dipole-Frozen iy, =my, (sin@cos Px +sin Bsin #3 +cos 67) F=ri+ry+rz

1y, =m,, (sin@cos Px +sin Gsin @3 +cos 62) L=EXT,=Y, 1. =2e—2
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m,, in the HTS. Also, m,, and m, are the amplitudes
of these vectorial values.

2.2 Ring PM-HTS levitation system

An interaction modeling for a ring shaped PM is
not reported in literature. For a disk PM, a magnetic
dipole is assumed to be located in the geometric
center of the disk PM. Depending on the dipole inside
the PM, a combination of frozen and mirror dipole
appear inside the HTS material. For a ring shaped
PM, if the cross section of the ring is considered,
dipoles appear in two sides due to having two
geometric centers for the ring HTS. Note that
magnetization fields of the ring PM is also two sided
in an axisymmetric analysis. Therefore, accepting
two dipole moments may be a good approximation
in applying frozen image technique to the ring
shaped PM.

The ring shaped permanent magnet over a bulk
high temperature superconductor at the cooling phase
of a superconducting levitation as shown in Fig. 2(a).
The ring PM dimension is given by outer diameter,
inner diameter and height such asd Xd,xh,. The
coordinate system O xz is fixed to the PM.

When the bulk HTS is field cooled with the ring
PM at a certain cooling height € , two images appear
such as the frozen image and the diamagnetic image
as shown in Fig. 2(a). The distance of both images
from the surface of the HTS is equal to € before
levitation is completed. The ring PM loses some

(a) Z 4
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Fig. 2 — Ring PM-HTS levitation system for the frozen image
approach (a) cooling phase and (b) levitation phase

height when its supporter is removed after cooling of
the HTS is completed. In the levitation phase as
shown in Fig. 2(b), while the frozen image is fixed in
e , the diamagnetic image moves with the PM and
has the levitation height ¢ from the surface of the
ring HTS.

In the ring shaped PM case, PM-HTS interaction is
two sided due to hollow shape of the PM. The total
magnetic potentials for I and II sides (Fig. 2) are
written as'":

U(I) — U(I) + U(I)

total dia fro (6)
() _ yr(0) ()
Utotal - Udia + Ufm

where ¢ (Vis the dipole and its diamagnetic image
potential for I side. Also, Uj‘;lis the dipole and its

frozen image potential. Equations of each potentials
are written as:

yn = A, A
dia 3
4z (2e-2z)
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fro
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fro ar
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)
The stiffness equations due to the vertical
displacement are obtained by taking the partial
derivative of the diamagnetic and the frozen parts and
substituting the variables x=0,y=0, z=7%,
6 =6 and ¢=¢ respectively. When the ring PM has
vertical movement, the stiffness of the ring PM-HTS
in X direction is obtained as:

2771 27 7(1) 2 7 (11 2y (1)
— J U((iia) + 0 Ufw + J U{S’ia) + J Ufm

xx_ring — axz axz axz axz
_ Hony iy, 22’2 _514
27| (2e-2z)
... (8
Similarly, the stiffness equation in Z direction is
derived as
(1) (1)
) :azU((ifzz azU/m azU((jg) azU/m
zz_ring aZ2 azz azz azz

_ Moy iy, 484, n 124,
27 | (2e-2z) (2e-2)
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Table 2 — Magnetic moments of the ring PM-HTS system

Part 1T
Magnetic moments

Images

my,, =m;, (sin@cos gx +sin Gsin @3 +cos 67)
i, =m, (sin@cos @X +sin Gsin ¢ —cos 672)

Dipole-diamagnetic
Position vectors

Magnetic moments

iy, =m, (sin @cos @5 +sin Gsin #9 +cos G2)
iy, =my, (sin @cos @£ +sin Bsin #9 +cos 62)

Dipole-frozen ..
Position vectors

Part I
Magnetic moments

iy, =m,, (sin @cos gx —sin Gsin @3 +cos 67)
7y, =m,, (sin @cos g —sin Bsin g9 — cos G2)

Position vectors

F=rXx+ry+r,

SN

Magnetic moments
my, =my, (sin @cos g3 —sin Gsin @9 +cos 67)
iy, =m, (sin@cos gx —sin Gsin @9 +cos 62)
Position vectors

A A

F=rX+ry+rz
r=

Table 2 shows the magnetic moments and the position
vector that used in derivation of the Eqgs (8) and (9).
In Table 2, 7, is the magnetic moment of the dipole

from the ring PM, and j is the magnetic moment of

the dipole from the diamagnetic image of s, in the

HTS. Also, m,, andm,are the amplitudes of these
vectorial values.

2.3 Levitation forces

In a superconducting levitation system, supporting
forces are generated by stiffness effects between
superconductor and PM. Levitation forces of the disk
PM-HTS and the ring PM-HTS are computed using
obtained stiffness equations for different vertical
displacements of the PMs. The force equations are
defined for the disk and ring PM as follows:

Fzz disk — (kzz disk ) <

ZZ ring = (K’Z rmg) * (10)
)c,\ _disk (k)c,\ disk )
AX ring (KAX ring )

where Z is the vertical displacement. The parameter
values of the disk and ring PMs used in levitation
force computations are given in Section 3.

Figure 3 shows variation of the levitation forces
F.. and Fo. e when the PMs move from 5 mm to

1 mm in the vertical direction. As seen in this figure,
behavior of the vertical levitation forces is nonlinear.
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Fig. 3 — Variation of the levitation forces Fyy i, Fy_ring With the
vertical displacement Z

The disk PM produces larger levitation forces than the
ring PM due to having higher magnetization value
while the surface area of both PMs is almost equal.
Variations of the lateral forces Fiy gisk » Fx ring With
vertical displacements are shown in Fig. 4. Small
increases are observed in the lateral forces with the
vertical displacements.

3 Experimental Setup

The structure of the experimental levitation system
is schematically depicted in Fig. 5. The levitation
system is basically consisted of a bulk HTS, a rotor
with attached PM and a non-contact measurement
sensor fixed to a support.
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Fig. 4 — Variation of the lateral forces Fy gisk » Fix ring With the
vertical displacement Z
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Fig. 5 — Schematic view of the experimental system

The experimental setup is shown in Fig. 6(a,b). The
rotor is made from aluminum and its weight 10 g for
the ring magnet rotor and 11 g for the disk magnet
rotor. The ring masses are made from stainless steel
and their weights 12, 2 g for each. To decide the
vertical levitation force experimentally, the external
ring masses added to the rotor, respectively. The non-
contact eddy current type displacement sensor is fixed
the top of the rotor for the measurements of the
displacements.

The single domain bulk HTS which is 34 mm
diameter and 15 mm height is used in experiments.
The HTS is fixed to the inside to the Styrofoam
insulated container and cooled by the liquid nitrogen.
The experiment was carried out by first placing the
rotor-PM over the HTS at constant cooling height
(CH) which can be adjusted by five different

Fig. 6 — Experimental setup (a) complete levitation system and
(b) rotors and PMs

supporters. The supporter parts are 15 mm, 10 mm,
5 mm, 3 mm and 2 mm height. After the cooling
process by submerged the HTS into liquid nitrogen
the supporter parts are separated between PM
and HTS.

Permanent magnets have the surface areas of
Agia=0.0113 m’ and A;,=0.01264 m’, respectively.
Surface areas of the ring and disk permanent magnets
are selected approximately equal to see the effect of
the magnet shapes. The ring and the disk PMs are 5
mm thickness both. Magnetization fields of the
permanent magnets are computed with axisymmetric
analysis using FEMM 4.2 software'. The ring PM is
polarized axially with a magnetization of 0.1369 T
and the disk PM is polarized axially with a
magnetization of 0.3745 T. The computed
magnetization field values are checked with measured
values obtained by the gauss meter probe.

4 Results and Discussion

The experimental results are obtained for
fivedifferent cooling height (CH) condition to
understand the dependency of the frozen image based
interaction model to the initial cooling gap. The
experimental force values are obtained by using the
weights and the measured vertical displacements. In
all levitation experiments, field cooling (FC) of the
HTS is realized. The experimental and analytical
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model results are compared for every cooling
height condition in figures. The PM-HTS levitation
forces are evaluated in terms of experimental and
computed results.

The experimental results are given in order of
cooling distance from larger to smaller values.
Figure 7 illustrates the variation of the vertical force
with the displacement using the disk PM in the
superconducting levitation experiment established
with a starting cooling height of 15 mm. Similarly, the
ring PM result is given in Fig. 8 for the same starting
cooling height. For the next cooling distance of 10
mm, the results are given for the disk PM and ring
PM in Figs 9 and 10, respectively. Either in 15 mm or
10 mm cooling heights, the experimental results
partially match with the computed values.

1.2 T T T T T T T T T

O Experimental
—%—Frozen Image
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Fig. 7 — Variation of the levitation force with displacement of the
disk PM (CH: 15 mm)
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Fig. 8 — Variation of the levitation force with displacement of the
ring PM (CH: 15 mm)

Figure 11 shows the variation of the vertical force
for the disk PM case from a starting cooling height of
5 mm. Similarly, the ring PM result is given in
Fig. 12 for the same starting cooling height. The
experimental force results differ from the computed
results in both figures but the tendency of
experimental results given in Fig. 11 matches with the
computed results. The experimental results for the
ring PM shown in Fig. 12 does not even show any
tendency with the frozen image results like disk
PM configuration.This situation is related to the
different magnetic field characteristics of the disk PM
and ring PM.

For the cooling height of 3 mm, the levitation
experiments are repeated for the disk PM and the ring
PM. Using the experimental and computed results,
Figs 13 and 14 show the variation of vertical forces
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Fig. 9 — Variation of the levitation force with displacement of the
disk PM (CH: 10 mm)
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Fig. 10 — Variation of the levitation force with displacement of
the ring PM (CH: 10 mm)
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Fig. 11 — Variation of the levitation force with displacement of the
disk PM (CH: 5 mm)
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Fig. 12 — Variation of the levitation force with displacement of the
ring PM (CH: 5 mm)

for both PMs, respectively. In these results,
experimental results match quite closely with the
computed values. Figures 15 and 16 are obtained for
the cooling height of 2 mm. As seen in these figures,
the experimental results perfectly matched with the
computed results obtained using frozen image
approach.

In most engineering application, the levitation
stiffness is considered as a parameter rather than the
levitation force.It is possible to have the levitation
stiffness for the disk and ring PMs using the same
experimental data and computed values for each
cooling heights. Although the frozen image model
does not include hysteresis, the computed levitation
force and stiffness values are very close to measured
experimental data at the smaller cooling heights. Also
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Fig. 13 — Variation of the levitation force with displacement of the
disk PM (CH: 3 mm)
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Fig. 14 — Variation of the levitation force with displacement of the
ring PM (CH: 3 mm)
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Fig. 15 — Variation of the levitation force with displacement of the
disk PM (CH: 2 mm)
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Fig. 16 — Variation of the levitation force with displacement of the
ring PM (CH: 2 mm)

it is true that smaller the cooling height larger the
levitation stiffness and force.

S Conclusions

In this research work, the stiffness variation of the
disk and ring shaped PM-HTS configurations are
presented on the basis of magnetic potential equations
obtain for each direction. Evaluation of the frozen
image approach is studied using a disk and ring
permanent magnet (PM) over a bulk high temperature
superconductor (HTS) levitation system for the
different cooling height (CH) distances. For smaller
cooling heights values, levitation forces computed
using the frozen image approach for the disk and ring

PMs are converged to the experimental results. The
frozen image model successfully predicts the force of
interaction between the PM-HTS.
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