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Using the finite element method, we have performed a systematic study on the ground-state binding energy (Eୠሻ of a 
donor impurity confined in a InAs/GaAs conical quantum dot (CQD) with wetting layer (WL) and a realistic finite 
confining potential. The simultaneous effect of the applied electric and magnetic fields as well as the influence of an intense 
laser field have been performed on the Eୠ within the effective mass approximation. The band non-parabolicity effect is also 
considered using the energy dependent effective mass approximation. It has been shown that the Eୠ is highly dependent on 
the internal and external CQD structure parameters such as radial thickness, height and WL thickness, external electric, 
magnetic fields and intense laser field. The results we have obtained show that a quite significant contribution of the WL 
effects on the ground state energy and the Eୠ has found at small values of the cone radius. In the low confinement regime, 
the effect of the conduction band non-parabolicity becomes gradually smaller as the value of the cone radius increases and 
the influence of high-frequency laser increases with the non-parabolicity effect in the regime of small QD radius. Our results 
are in good agreement with those obtained in the literature. 
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1 Introduction 
Semiconductor nanostructures have attracted lots 

of research interest in the past few years due to their 
unique physical properties and their wide quantum 
functional device applications in micro – and 
optoelectronic devices. The ultimate limit of low 
dimensional structures is the quantum dot (QD), in 
which the carriers are confined in all three directions, 
thus reducing the degrees of freedom to zero. 
Therefore, the energy levels of electrons in such QDs 
are fully quantized as in an atom. As these QDs 
contain relatively small number of atoms, their 
electronic and optical properties depend strongly on 
the size, stoichiometry, and shape. Quasi-zero 
dimensional systems, especially self-assembled 
quantum dots (SAQDs) have been a subject of 
numerous investigations owing to their promising 
potential application in optoelectronic devices, 
quantum computing, information storage, and 
electrical metrology1-3. SAQDs can be manufactured 
during Stranski–Krastanow growth method in process 

of epitaxy of hetero-structures with large lattice 
mismatch between the substrate and the active layer4. 
Semiconductor nanostructures based on III–V group 
elements are well known and widely investigated in 
the past5. Among them, InAs QDs grown on GaAs 
substrates using molecular beam epitaxy are the most 
commonly studied system and one of the first well 
established technologically and extensively explored 
for applications in optoelectronic devices such as  
QDs lasers6, light emitters and detectors7,8, optical 
amplifiers or novel quantum devices like single 
photon sources9. In the archetype InAs/GaAs QD 
system, the formation of dots is associated with the 
relatively large 7% lattice mismatch. When deposited 
on GaAs, the InAs	initially forms a two dimensional 
(2D) planar layer and strain builds up in the layer 
until the thickness reaches a critical value. In 
literature, the 2D layer is called the wetting layer 
(WL) since it wets the GaAs substrate due to higher 
surface energy of GaAs than that of InAs. As the WL 
exceeds a critical thickness, the growth mode 
switches from 2D to 3D leading to the formation of a 
SAQD on the top of the WL10. The critical thickness 
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of the WL depends on materials used and fabrication 
techniques11. 

Although SAQD is grown on top of the WL, many 
works concentrating on the electronic and optical 
properties of InAs/GaAs SAQDs have been studied 
disregarding the effect of WL and its role12-16. This 
ignorance in theoretical works may arise from 
mathematical complexities in making analytical 
models. The first theoretical study of the electronic 
properties of these structures has used the single-band 
effective-mass theory to calculate the energy levels 
and wave functions in InAs/GaAs cone-shaped 
QDs12. Experimentally; it has been shown that the 
SAQDs cannot be grown without WL17. In fact, the 
coupling between electronic states in the QD and WL 
is essential to achieve better results18,19.  

Stimulated by the rapid progress in nanometer-
scale fabrication technology, a large number of papers 
focused on the electronic and optical properties of 
InAs/GaAs SAQDs systems of different shapes with 
WL effects has been published using different 
methods19-24.  

The study of impurity states in semiconductor QDs 
is imperative as the addition of impurities can change 
the properties of any quantum device dramatically 
since the confinement in all three direction, increases 
greatly the Coulomb interaction. The introduction of 
impurities in QDs and particularly in SAQDs is 
therefore of fundamental importance for a deep 
understanding of their effects on electronic and 
optical properties. However, the above significant 
number of studies were devoted to the investigation of 
WL effect relative only to the charge carriers, but 
there exist very few studies regarding the effect of 
donor impurities on the optical and electronic 
properties in InAs/GaAs QDs with WL25. 

Nanoelectronics is a promising area that has  
drawn considerable interest due to the possibilities it 
opens in applied physics26. As it is well known,  
the application of either an electric or a magnetic 
field, among other external perturbations, changes  
the quantum states of carriers confined in 
nanostructures27. Application of an electric field in the 
growth direction of the system causes polarization of 
carrier distribution and shifts the quantum energy 
states. These effects cause considerable changes in the 
energy spectrum of the carriers, which may be used to 
control and modulate the intensity output of devices28. 
Moreover, the presence of a uniform magnetic field 
causes a second magnetic confinement of the charges 

which superposes its geometric counterpart; this 
yields an increment of the binding energy due to the 
reductions in the radius of the cyclotron orbits with 
the applied field29. 

In addition to the simple geometries that can QDs 
have like spherical and cylindrical, QDs can be 
fabricated with more complex geometry such as 
pyramidal, lens-shaped and cone-like where their 
theoretical treatment within the traditional quantum 
mechanical approach is mathematically difficult30-32. 
The understanding of the effects of external 
electromagnetic fields on the electronic and optical 
properties of complexes QDs is of a primordial 
interest for the evolution of such research area. 
However, the literature is sparse with studies on the 
electric and magnetic fields dependence of binding 
energy in these complexes systems33-36. The ground 
state of impurity confined by a GaAs pyramid shaped 
QD as well as the diamagnetic shift of the impurity 
energy have been investigated under the combined 
effect of magnetic field and the hydrostatic pressure 
using a variational method within the effective mass 
approximation33. In lens-shaped QDs, the effect of an 
external magnetic field on the energy levels, wave 
functions and the optical properties such as the second 
harmonic generation and third-harmonic generation 
has been determined using the finite element method 
(FEM)34. In a more recent work, Niculescu et al.35 
studied the energy levels for the ground state and first 
excited states and optical properties of an electron 
inside the GaAs pyramidal-shaped QDs under the 
combined action of the electric and magnetic fields 
applied in the growth direction within the density 
matrix formalism with the use of the effective mass 
and parabolic band approximations. Aderras et al.36 
presented very recently a calculation of stark effect 
and the polarizability of shallow-donor impurity 
located in the centre of lens shaped QD by a 
variational method and in the effective-mass 
approximation using an infinite hard-wall confining 
potential to describe the barriers at the dot boundaries. 

Besides the external magnetic and electric effects 
discussed above, special attention has recently been 
given to the laser interaction with semiconductor 
heterostructures. A number of experimental and 
theoretical investigations have been concerned with 
the quantitative understanding of laser field effects  
on the electronic and optical properties of low 
dimensional semiconductor heterostructures37, a 
subject of paramount importance for one interested in 
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the design of new optoelectronic devices. However, 
there has been little interest in the study of intense 
laser–field radiation effects on the optical and the 
electrical properties of impurities in complexes 
SAQDs38. Within the effective mass approximation, 
Niculescu has examined the binding energy and 
photoionization cross section of a donor impurity in a 
pyramid shaped QD under simultaneous effects of the 
hydrostatic pressure and high-frequency laser field38. 
Their results showed that the electronic and optical 
properties depend on the donor position, laser field 
intensity and pressure. 

Among the complexes QDs mentioned above, 
more attention had been paid to the cone-shaped  
QDs since they have shown remarkable potential  
for prospective applications in the fields of 
optoelectronics and quantum information, in devices 
such as QD LED and single photon sources39-42. The 
electronic and optical properties of CQD in the 
absence of impurity have been extensively studied in 
the past12,21,39,43-46. On the contrary, few works 
concentrating on the donor impurity in the absence 
and presence of the exterior perturbations such as the 
electric and magnetic fields have been established in 
CQD structures47-50. 

It is worth remarking that due to the complicated 
shapes of CQD, the calculations of energy levels, 
wave functions and the donor binding energy is a 
nontrivial task, which requires considerable 
theoretical effort. To obtain an analytical solution of 
the problem of a hydrogenic donor impurity confined 
in a QD of complex realistic geometry like CQD and 
including the effects of the surrounding media is not 
possible in general by using common standard 
methods. The finite value of the potential barrier 
could be a fundamental parameter when considering 
different external factors such as the magnetic, 
electric and laser radiation fields or when including 
others physical effect, such as the WL in a QD. We 
therefore use the FEM to solve the Schrödinger 
equation associated with the problem of an impurity 
in a CQD with a finite confinement potential. Since it 
yields accurate Eigen energy and Eigen states of one-, 
two- and three dimensional structures of arbitrary 
shape, but it is very computationally intensive51-53. 
The most above developed calculations in CQD in the 
presence of impurities were done within only the 
simple parabolic band approximation for the electron 
effective mass. On the other hand, it is well known 
that energy dispersion relation is only parabolic 
around band edge. So, in a more realistic model, in 

order to provide more accurate results of the energy 
levels and the donor binding energy, it is necessary to 
take into account the non-parabolicity of conduction 
band54,55. 

We know that the cone shaped QDs have been 
investigated theoretically and experimentally. The 
donor binding energy in a CQD with WL under the 
simultaneous action of a static magnetic and electric 
fields and under an external laser radiation field has not 
been investigated so far. Therefore, in the present 
work, we calculate the energy of the ground state of a 
CQD with finite potential barrier height as well as the 
binding energy of an on-center shallow donor impurity 
as a function of the of the radius, the height of the 
CQD, the WL thickness and the laser field intensity 
under the combined effect of electric and magnetic 
fields. The calculations are made with and without 
taking into account the band-non parabolicity using the 
effective mass approximation and the numerical FEM.  
 
2 Basic Theory 

We consider in Fig. 1 (a) a schematic view of the 
conical InAs QD buried in a GaAs matrix with 
cylindrical symmetry. The WL is modeled by a 
monolayer-thick InAs layer at the base of the cone. 
The origin of the z-axis is taken at the centre of the 
structure. H denotes the height of the CQD, r is base 
radius and L is the WL thickness. The geometry has 
symmetrical axis so only half part has been 
considered in this study as shown in Fig. 2 (b). Within 
the effective mass and parabolic-band approximation, 
the interaction of an electron with a hydrogenic donor 
impurity confined in a InAs/GaAs CQD, in the 

 

Fig. 1 – Schematic representation of conical shaped InAs QD with 
WL embedded in a GaAs matrix. 
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presence of external magnetic field B and electric 
field F applied along the z axis and intense high-
frequency laser field polarized along the z direction is 
described by the Hamiltonian:  
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Where ℏ is the reduced Plank constant, the two 
subscripts d and b in mୢ,ୠ

∗  refer to the InAs QD  
and the GaAs barrier layer materials, respectively. 
mୢ
∗ (mୠ

∗ ሻ is the electron effective mass of the 
InAs(GaAsሻ CQD. The ρ (zሻ coordinate gives the 
relative separation of the electron from the impurity 
ion along (perpendicular to) the CQD radial direction. 
The second term of Eq. (1) represents the interaction 
between the external magnetic field B applied along 
the z direction and the orbital angular momentum l, 
the third diamagnetic term is the magnetic field 
induced confinement potential and the fourth term 
describes the interaction between the electron and the 
external electric field assumed to be in the z direction. 

The last term of Eq. (1) represents the laser-dressed 
Coulomb interaction between the electron and the 
impurity ion located at the position r଴ ൌ ሺρ଴, z଴ሻ. To 
describe the impurity atom behavior in the presence 
of the laser field, we assume the system to be under 
the action of laser radiation represented by a 
monochromatic plane wave. The laser beam is non-
resonant with the semiconductor structure, and 
linearly polarized perpendicular to the dot radial 
direction, chosen as z-axis. Following the approach of 
Ehlotzky56, in the high-frequency limit, the electron 
sees a laser dressed potential: 
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Where εୢ ሺεୠሻ is the static dielectric constant of the 
InAs (GaAsሻ CQD. ε଴ is the permittivity of free space 
and α଴ is the laser dressing parameter given by: 
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	  … (3) 

in which ݁, ܿ, ܣ଴ and ߱௅ are the charge of the electron, 
velocity of the light, the amplitude of the vector potential 
and the frequency of applied field, respectively. 

Taking into account the appreciable extent of the 
wavefunction outside the dot, we neglect the laser 
dressing effect on the confinement potential. Due to 
the weak confinement regime associated with even 
mirror boundary conditions, it is expected this "one-
effect" approach38,57 to be a reasonable approximation. 

The spatial confinement potential energy which 
confines the donor electron is given by: 
 

 Vୡሺρ, zሻ ൌ ൜
0, ሺρ, zሻ	ϵ	material	InAs	
V଴, ሺρ, zሻ	ϵ	material	GaAs	

  … (4) 
 

with V଴ ൌ Qୡ	∆E୥Γ is the barrier height, Qୡ ൌ 0.7 is 
the conducting band offset parameter58,59 and ∆E୥Γ ൌ
E୥ሺGaAsሻ െ E୥ሺInAsሻ stands for the total energy gap 
difference between the InAs dot and the GaAs barrier 
medium at the ߁ point. 

The Eigen function of the electron associated to  
the Hamiltonian (Eq. 1) can be described by the 
governing one-band Schrödinger equation which, in 
cylindrical coordinates becomes: 
 

 Hሺρ, z, θሻ ൌ E	ሺρ, z, θሻ  …(5) 
 

Where E is its unknown energy eigenvalue.. 
The use of cylindrical symmetry allows us to 

consider that the wave function is separable on: 
ሺρ, z, θሻ ൌ ሺρ, zሻφሺθሻ  …(6) 
 

The envelope function φ satisfies the equation: 

 ଵ

φሺθሻ

பమφሺθሻ

பθమ
ൌ െnଶ which gives as solution: φሺθሻ ∝

e୧୬θ with φሺθ ൅ 2πሻ ൌ φሺθሻ and n ൌ 0,േ1,േ2,…. is 
the electron orbital quantum number. 

After straightforward simplification process, the 
remaining part of (Eq. 1) can be written as:  
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Since we expect significant effect of spin-orbit 
splitting in narrow gap III-V semiconductors, it is 
very interesting to take into consideration the non-
parabolicity for the electron's dispersion relation for 
which the effective mass is given as 54,55: 
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Where E୥ is the energy band gap between the valence 
band and the conduction band, ∆ is the spin-orbit 
splitting energy and E is the electron energy.	

Since it’s impossible to give an analytical solution 
to the Eq. (7) due to the presence of the impurity 
Coulombic potential and due to the complexity of the 
structure geometry with the use of a finite 
confinement potential, we therefore solve this 
equation by using the FEM which converges to the 
exact solution. The calculations have been done using 
the Dirichlet boundary conditions that have been 
applied for the external boundaries where the wave 
function should vanish and Newman condition to the 
internal boundary ensuring the continuity of the wave 
function. More details on the calculation procedure 
can be found elsewhere21. 

In all what follows, we assume a single donor 
impurity located at the center of the CQD (i.e., ρ଴ ൌ 0 
and z଴ ൌ 0) and we limited our study to the donor 
ground state level (n ൌ 0 and l୸ ൌ 0).  

The donor binding energy Eୠ of the ground state is 
obtained from the usual definition: 
 

 Eୠ ൌ Eୱ୳ୠ െ E଴,   … (9) 
 

Where Eୱ୳ୠ is the Eigen value solution of Eq. (1) 
without the impurity Columbic potential term and E଴ 
is the ground state energy with the impurity.  
 
3 Results and Discussion 

Our numerical simulations of the energy levels and 
the donor binding energy as a function of the external 
and internal parameters are carried out for InAs/GaAs 
CQD. Because the CQD with its WL has not a regular 
and simple geometry, the numerical calculations were 
done using the FEM. The physical parameters 
pertaining to this system are20,60: mୣ

∗ ൌ 0.023	m଴, 
E୥ ൌ O. 42	eV, ε ൌ 15.2, ∆ൌ 0.48	eV for InAs and 
mୣ
∗ ൌ 0.0665	m଴, E୥ ൌ 1.519	eV, ε ൌ 12.5, ∆ൌ

0.34	eV for GaAs. In what follows the energy unit is 
expressed in meV, the length unit is nm, the unit of 

strength of electric field is KV/cm and γ is a 
dimensionless measure of the magnetic field. 

Figures 2 and 3 display, respectively, the variation 
of the impurity donor binding energy and the electron 
ground state energy as a function of the base radius of 
the ݏܣ݊ܫ/GaAs conical shaped QD for three values of 
the WL thickness L ൌ 1	nm (solid line), L ൌ 2	nm. 
(dashed line) and L ൌ 3	nm (dotted line) and for a 
fixed value of the cone height H ൌ 10	nm. In a first 
step, our numerical calculations were performed in 
the absence of the magnetic (γ = 0) and electric fields 
(F ൌ 	0). As we can see from Fig. 2, for a given value 
of the WL thickness L, the binding energy presents a 
qualitatively similar behavior to the case of a 
hydrogenic donor in others different geometrical 
QDs52,53,61. The binding energy growths up with 
decreasing the radius of the QD, reaches a maximum 

 
 

Fig. 2 – Binding energy of a donor impurity as a function of the
cone base radius r for several values of the WL thickness L and
with a fixed value of the InAs CQD height H=10 nm. 
 

 
 

Fig. 3 – Variation of the ground state electron energy versus the
cone base r radius for three values of the WL thickness L and with
a fixed value of the InAs CQD height H=10 nm. 
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value and then decreasing sharply, which reflects that 
the electron wave function is firmly compressed in the 
InAs QD with decreasing the QD radius, when the 
QD radius decreases to a certain value, the kinetic 
energy of the confined electron rises greatly, the 
tunneling effects become dominant which in turn 
increases greatly the probability of the electron 
penetrating into the potential barrier GaAs by the 
uncertainly principle, therefore, the binding energy 
starts decreasing quickly. From both Figs. (2 & 3), it 
is seen that the effect of WL is negligible for higher 
values of the cone radius. While for small radii, a 
noticeable difference is observed indicating a quite 
significant contribution of the WL effects on the 
ground state energy and the donor binding energy. 
These results are in accordance with those regarding 
the effect of WL on the electronic states in InAs/
GaAs QDs of pyramidal shaped23 and dome-shaped24. 
Moreover, from Fig. 2, as the WL thickness increases, 
the binding energy decreases and particularly at small 
dot radius and its peak value is shifted to large values 
of the cone radius. The decreasing binding energy 
with the increasing WL is due to the increment of the 
QD confinement geometry. Figure 3 also shows that 
the WL changes the electron ground state energy 
significantly, more precisely, for very small dot radii, 
we observe that the electron ground state energy 
remains approximately constant for large values of the 
WL thickness ሺL ൌ 3	nmሻ. This is due to the 
localization of the electronic wave function mainly in 
the WL. This phenomenon is more noticeable as the 
WL thickness increases and it is also more significant 
for the case of the excited states23,24. Moreover, Fig. 3 
shows also that the WL effect leads to a decrease of 
the ground state energy, which is consistent with the 
results obtained in Ref.22-24.  

Figure 4 shows the donor binding energy as a 
function of the electric field for different values of the 
magnetic field strength γ and with the following fixed 
structure parameters: H ൌ 10	nm, r ൌ 20	nm and 
L ൌ 2	nm. For a given value of the effective field 
parameter γ, the binding energy increases as the 
electric field increases and this increment is important 
for positive electric field values. These results agree 
well with those obtained in Ref. 47 using a variational 
method in a GaAs/GaAlAs conical like QD with an 
infinite potential model. As the electric field increases 
from negative F ൌ െ100KV/cm to positive values 
F ൌ 100KV/cm, the electronic wave function 
becomes more and more compressed since the size 

spatial region where the carriers are confined 
diminishes which leads to an enhancement of the 
binding energy. The values of the binding energy for 
positives values of the electric field are higher than 
those for negative values. This can be explained by 
the fact that from Eq. (1) a positive applied electric 
field (from 0 to 100KV/cm ) implies that the electron 
is pushed to the -z direction, which is equivalent to an 
effective reduction of cone height47 and hence the 
binding energy increases.  

As expected, for a fixed value of the electric field, 
as the magnetic field increases, the binding energy 
increases. Furthermore, the effect of the magnetic 
field becomes more prominent for larger positive 
electric fields. The latter result is equivalent to saying 
that the binding energy is more sensitive to the 
electric field at higher magnetic fields. This is a 
consequence of the fact that in the strong magnetic 
field, the electron becomes more closely localized to 
the impurity and the effective separation between the 
confined electrons and the impurity center decreases, 
which leads to a strong magnetic confinement. Hence 
the combined effect of the strong magnetic 
confinement and the additional electric confinement 
coming from the application of an intense electric 
field leads to a higher localization of the electron 
wavefunctions inside the dot and this yields a strong 
enhancement of the binding energy.  

Figure 5 illustrates the binding energy versus the 
magnetic field for different electric fields and with the 
following fixed structure parameters: H ൌ 10	nm, 
r ൌ 20	nm and L ൌ 2	nm. It is observed that for every 

 
 

Fig. 4 – Variation of the donor binding energy as a function of the 
electric field for different values of the magnetic field strength
y and with the following fixed structure parameters: H = 10 nm, 
r = 20 nm and L = 2 nm.  
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value of the electric field, the behavior of the binding 
energy versus the magnetic field strength is almost 
linear in the region of weak magnetic fields, in other 
words, the binding energy is relatively insensitive to 
the magnetic field effect for γ ൏ γc, where γc is the 
critical magnetic field value at which the binding 
energy starts to increase and which depends on the 
electric field amplitude F. Since in the low magnetic 
field regime, the behavior of the binding energy is 
determined by the effect of the quantum confinement, 
the latter effect remains approximately invariable due 
to the fixed structure confinement goemetrical 
parameters H, r and L. While for very intense 
magnetic fields, the growth of the binding energy is 
more pronounced. This can be understood as follows. 
At high magnetic fields, magnetic confinement 
becomes stronger and the confining potential Vc is 
considered as a small perturbation on the magnetic 
energy and therefore, the binding energies very 
weakly depend on the dimensions of the structure. As 
mentioned previously, for a fixed value of γ, the 
binding energy increases as the amplitude F of an 
applied static electric field enlarges and the critical 
magnetic field value γc decreases. 

In Fig. 6, we depict the donor binding energy of the 
ground state as a function of the laser-field amplitude 
α0, for several values of the external electric field 	
F with the following fixed structure parameters: 
H ൌ 15	nm, r ൌ 10	nm and L ൌ 2	nm and magnetic-
field strength γ ൌ 5. At zero electric field, the 
behavior of this figure is the result of the coupling and 
competition of the laser–dressed Coulomb potential 
with the barrier confining potential Vc. 

 
 

Fig. 6 – The ground state binding energy versus the laser-field 
amplitude ߙ଴, for several values of the external electric field 	
  ,with the following fixed structure parameters: H = 15 nm ܨ
r = 10 nm and L = 2 nm.and magnetic-field strength y = 5. 
 

As seen in this figure, for a fixed value of F and for 
weakly values α0, the dependency of the binding 
energy on the laser radiation is very small. But for 
further large values of α0, the expectation value of the 
effective spatial separation along the z-direction 
between the electron and dressed Coulomb center is 
enhanced due the spatial extension of the electron 
probability density38,62. The spread of the electron 
wave function over a larger region within the 
structure weakens the Coulomb interaction and the 
impurity binding energy decreases drastically. The 
same results are found in others systems like 
cylindrical QDs62 and quantum well wires63. At the 
same time as we expected, Fig. 6 shows that the 
binding energy increases with electric field F up to the 
value of α0 ≅ 3	nm, since electric field gives an 
additional lateral confinement of the charge carrier 
and the probability of finding the electron in the InAs 
QD increases with F, resulting in higher binding 
energy. But for large enough laser field values, the 
electronic orbital is more weakly localized around the 
impurity, a weaker dependence of the Coulomb 
potential with α0 is found, the geometric confinement 
becomes therefore weak and the donor binding energy 
does not depend on the electric field, reflecting the 
three-dimensional character of the wave function of 
the particles after they penetrate into the classically 
forbidden region. The behavior of the binding energy 
as a function of the laser field in the presence of a 
uniform electric field is similar to that exhibited in 
other hetero structures like quantum well structure64. 

Figure 7 shows the behavior of the binding energy 
for a donor impurity in a InAs/GaAs CQD as a 

 
 

Fig. 5 – Variation of the ground state binding energy of a donor
impurity with increasing magnetic field strength γ for different
electric fields and with the following fixed structure parameters:
H ൌ 10	nm, r ൌ 20	nm and L ൌ 2	nm. 
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function of the cone base radius for two values of the 
laser-field amplitude α0 ൌ 0 and α0 ൌ 3	nm with and 
without the conduction band-edge non-parabolicity 
effect. For a fixed value of α0, a quite noticeable 
deviation between the curves in the presence and 
absence of the non-parabolicity effect is produced for 
small CQD radii. In other words, we can say that the 
contribution of the non-parabolicity effect alters 
considerably the donor binding energy in the strong 
spatial confinement regime, more precisely, the 
inclusion of the band non-parabolicity effect reduces 
the tunneling effect across the barrier and leads to 
more binding energy. These results prove that the 
energy dependent effective mass Eq. (8) gives quite 
accurate results than the quadratic dispersion relation 
(parabolic approximation) especially for relatively 
small CQD geometries parameters. While in the low 
confinement regime, the effect of the conduction band 
non-parabolicity becomes gradually smaller as the 
value of the cone radius increases. Our findings are in 
good agreement with the previous calculations for 
other low dimensional structures53,61,65. 

For both parabolic and non-parabolic band 
approximations, it can be seen that the effect of the 
laser dressing is strongly dependent on the CQD 
radius. The results indicate that the effect of laser 
field is more appreciable for narrow dots only in 
perfect agreement with the quasi-two and quasi-one 
dimensional case63,64. For large CQD radii, the 
discrepancy between the two curves α0 ൌ 0 and 
α0 ൌ 3	nm is too small and the effect of the laser 
dressing parameter α0 on the binding energy is 

negligible. Since for large enough dot radius values, 
the geometric confinement becomes weak and the 
donor binding energy does not depend on the laser 
field and tend to the saturation regime for both values 
of α0. Our results agree well with those obtained by 
several authors in different shapes of low dimensional 
semiconductors63,66,67. 

This figure reveals again that the influence of high-
frequency laser increases with the non-parabolicity 
effect in the regime of small QD radius. This is due to 
the increment of the spatial localization of the 
electron with the non-prabolicty effect, which in turn 
increases the quantum confinement and leads to an 
enhancement of the binding energy. This effect has 
not been shown by H. El Ghazi67 since his 
calculations on the binding energy in the absence and 
presence of the non-parabolicity effect have been 
carried out for α0 ൌ 0.  

We also observe that the peak position of the donor 
binding energy moves slightly toward the smaller 
radius as both the non-parabolicity and the laser 
dressing parameter effects are introduced53,67. This 
shift to narrow dots can be explained by the shrinkage 
of the spatial extent of the wavefunction under the 
both effects. 
 
4 Conclusions 

 We have studied the effects of WL and conduction 
band non-parabolicity combined with the external 
perturbations such as the applied magnetic and 
electric fields as well as the high-frequency laser field 
on the ground state energy and binding energy of a 
donor impurity confined in a InAs CQD embedded in 
a GaAs matrix The calculations were done  
in the effective mass and non-parabolic band 
approximations using the FEM. The study considers 
also the variation of the donor binding energy as a 
function of the dimensions of the CQD such as the 
cone radius. It is found that the influence of the WL, 
the non-parabolicity and the high-frequency laser 
field are more significant in the regime of small QD 
radius. The binding energy increases with the 
increasing magnetic fields strengths, decreases 
drastically for large values of the laser dressing 
parameter α0 and it is more sensitive to the electric 
field at higher magnetic fields. 
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