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Linear and third order nonlinear optical absorption coefficients and refractive index changes of an on-center donor 

impurity in a spherical GaAs quantum dot which is located at the center of a cylindrical Ga1−xAlxAs nano-wire, have been 

investigated under the simultaneous effect of electric field and laser radiation. The linear and third order nonlinear  

optical properties are calculated based on optical 1-2, 2-3 and 1-3 transitions by means of the compact density-matrix 

approach. The energy eigenvalues and corresponding wave functions are calculated using finite difference approximation 

and reliability of calculated wave functions is checked by computing orthogonality. It is shown that optical spectrum shifts 

towards lower and higher energies for 1-2 transition and shifts towards lower energies for 2-3 and 1-3 transitions as the 

electric field strength increases. The presence of laser field shifts absorption spectrum towards lower energies. In the 

absence of electric and laser field, the magnitude of absorption coefficient and refractive index changes increase in 

transitions between higher levels. Simultaneous presence of both electric field and laser radiation has great effect on 

magnitude of absorption coefficients and refractive index changes. The saturation in optical spectrum can be adjusted by 

electric field and laser radiation. 
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1 Introduction 

 Since the beginning of quantum theory, the 

investigation of electronic and optical properties of 

confined quantum systems has been an interesting 

subject. Among all confined systems, quantum dots 

(QDs) have attracted great attention due to the motion 

of charge carriers which is confined in three 

dimensions
1-3

. Additionally, developments in precise 

engineering enable us to fabricate zero-dimensional 

QDs embedded into one-dimensional nano-wires
4,5

. 

The one-dimensional geometry of the nano-wire has 

an important benefit which allows researchers to 

incorporate QDs in this active region. As a result of 

the possible applications, researchers have used this 

structure as a single photon source
6,7

, calculated 

electronic structure of quantum dots is embedded into 

nano-wires
8-10

. The exciton lifetime in individual 

InAsP QDs which is perfectly positioned on-axis of 

InP nano-wire
11

. The orientation-dependent optical-

polarization properties of single QD in nano-wires 

have been studied
12

.  

 The effect of impurities on the optical properties of 

semiconductor QDs has also been studied by 

researchers. Beside the impurity, the presence of an 

intense non-resonant laser field has resulted into a 

number of investigations
13-16

. The simultaneous 

presence of impurity and laser field causes a laser-

dressed Coulomb potential in the system.Therefore, a 

noticeable change in the magnitude and position of 

absorption peak is obtained in the presence of an 

intense laser field. 

 The effects of external factors such as pressure
17

, 

magnetic field
18

 and electric field
19

 on nanostructures 

have been studied. The effect of external electric field 

on the electronic and optical properties of QDs has 

been reported by several researchers
20-25

. The 

understanding of the electric field dependence of 

optical properties of QDs is important for building 

efficient optoelectronic devices
26

. These studies show 

that the presence of electric field has a great effect on 

the optical properties of the system which depends on 

the geometrical parameters. For instance Xie et al
19

. 

studied electric field effects on the optical properties 

of two different geometries (I) disc-like QD in 

presence of donor impurity (II) a spherical QD in 

presence of donor or acceptor impurity
27

. The 
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presence of electric field causes a red shift in 

absorption spectrum in the presence of donor 

impurity, a blue shift in presence of acceptor impurity 

and a decrement in the ac magnitude in both cases. 

Also, Kirak et al
21

. investigated the electric field 

effects on the nonlinear optical properties of a donor 

impurity in a spherical QD and illustrated that the 

presence of electric field shifts absorption spectrum to 

the higher energies (blue shift) and increases 

magnitude of the ACs, for both 0s-1p and 1p-2d 

transitions.  

 Moreover, the studies of optical properties have 

been extended to transitions between different sub-

bands such as 1-2, 2-3 and 3-1 transitions
28

, 1-2 and 

2-4 transitions
29

,1-2, 1-3 and 2-4 transitions
30

, 1s-1p, 

1p-1d and 1d-1f transitions
31-33

. If we compare 

reported results by Xie
27

 and Kirak et al
21

., it is clear 

that different shifts and different variation of 

magnitude of absorption coefficient have been 

reported, whereas both works are related to the 

spherical QD in presence of the electric field and 

donor impurity. It is due to different states between 

which the transitions will occur. The optical 

properties have been investigated for 1-2, 2-3 and 1-3 

transitions in the present paper. 

 The effects of electric field and laser radiation 

parameters on the optical properties of a spherical QD 

located at the center of a cylindrical nano-wire, have 

been investigated in the present paper.  

 

2 Theory 

 GaAs spherical QD with radius R1, located at the 

center of a Ga1−xAlxAs cylindrical nano-wire with 

radius R2 and height l, has been considered. The origin 

is taken at the bottom of the nano-wire and the z-axis 

is defined to be along the nano-wire axis. In the 

effective mass approximation and in the cylindrical 

coordinates Hamiltonian of a single particle in 

presence of an external electric field can be expressed as: 
 

2
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where m*(ρ, z) is the band edge effective mass, which 

may vary with position due to the changes in material 

composition, the electric field is assumed to be in the 

z-direction with strength F and the electron confining 

potential, ( , )V zρ , is given by:  
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where ( )x x xGa Al As GaAs

c g gv Q E E−= − , Eg is the band-gap 

energy and Qc is the band offset ratio
34

. In the 

presence of an on-center hydrogenic donor impurity 

and a laser field with vector potential 

0
ˆ ˆ( ) (cos sin )A t A ti tj= Ω + Ω

�
 the Hamiltonian of the 

system
35,36

 can be rewritten as:  

 
2
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where * 2 *

0 0 / ( ) (8 / ) /eA m c I e m= Ω = Ω αα π  is the 

amplitude of the electron oscillation in the laser field, 

Ω is laser field frequency, Iα is the laser field intensity 

and c is speed of light. Three first lower-lying states 

and corresponding wave functions of the Hamiltonian 

of Eq. (3) have been found. Since our geometry has 

axial symmetry, the azimuthal part of the wave 

functions can be separated as: 
1

( )
2

im

mF e= φφ
π

. It is 

worth pointing out that we just calculate the energy 

levels with respect to m=0. Therefore, the Schrödinger 

equation can be rewritten as: 
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where  

2

2 2 2
0 0

( , ) ( , )

1

4 ( / 2)

eff

r

V z V z eFz

e

z l

= +

−
+ − +

ρ ρ

πε ε ρ α

. 

 The Schrödinger equation is numerically solved by 

the finite difference (FD) approximation
37-39

. In order 

to carry out simulation numerically, one needs to 
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discretize Eq. (4) using FD schemes. First it should to 

be noted that to avoid achieving a huge coefficient 

matrix, the non-uniform space discretization is 

considered along z-coordinate with aspect ratio 

1 1

1

1.1
j j j

j j j

z z z

z z z

+ +

−

∆ −
= =

∆ −
. This aspect ratio ensures a 

sufficient convergence of electronic structure. 

Additionally, for ρ-coordinate a uniform space 

discretization is applied. The spatial derivative is 

approximated by the central FD scheme for all 

discretized space except on boundaries and given by: 
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 The notation ( , ) ( , )( , ) ( , )in out in out

j ji j i z z≡ ∆ + ∆ψ ψ ρ  

( ∆ρ and jz∆  are spatial spacing) is used in this paper 

and the superscriptions “in” and “out” represent the 

wave functions inside and outside the dot. For 

discretized space on different boundaries, different 

FD schemes should to be applied
40

 as : (I) for 

boundary ( , 0)z∀ =ρ  the forward FD scheme is 

applied (II) for boundary ( , )z l∀ =ρ  the backward FD 

scheme is applied (III) for boundary ( 0, )z= ∀ρ  the 

forward FD scheme is used for ρ-coordinate and the 

central FD scheme for z-coordinate (IV) for boundary 

2( , )R z= ∀ρ  the backward FD scheme is used for  

ρ-coordinate. The Dirichlet boundary condition (i.e., 

infinite potential barrier) has been imposed at the 

nano-wire boundaries. The continuity of the wave 

function and its derivative on the QD boundary 

2 2

1( ( / 2) )z l R+ − =ρ  are imposed and considered 

by appropriate FD schemes.  

 After determining the electronic structure, the 

compact-density-matrix approach and the iterative 

procedure are applied to obtain the analytic formula 

of the linear and nonlinear optical absorption 

coefficients(ACs) and refractive index (RI) changes. 

In low-dimensional systems, the absorption process is 

defined as an optical transition between an initial 

state, i, and a final state, f, by absorbing a photon. We 

consider the system subject to an electromagnetic 

field, ( ) .i t
E t Ee c c= +� ω . We assume that the radiation 

polarized parallel to the unit vector û . The electronic 

polarization of the system, p(t), caused by the incident 

field, E(t),  can be written
41

 as: 
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where ε0 is the free-space electrical permittivity and 

χ(ω) is the Fourier component of the susceptibility of 

the system. Using the usual iterative procedure
42

, the 

linear and third order nonlinear optical susceptibilities 

can be obtained. The absorption coefficient {α(I, ω)} 

is related to the susceptibility as 

0

0

( ) Im[ ( )]
r

=
µ

α ω ω ε χ ω
ε ε

. Then, neglecting the 

higher harmonic terms, the analytical form of the 

linear and third order nonlinear ACs are given by  

Ref. (42).  
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 In Eqs (7 and 8), νσ  is the carrier density, c is the 

velocity of light in free space, � is the magnetic 

permeability, 
2

02 rI n c E= ε  is the intensity of 

electromagnetic field, ˆ.fiM f ez u i= < >
�

 are the 

dipole moment matrix elements and fi f iE E E= −  is 
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the energy difference between fth and ith states. fiΓ�  

are damping terms associated with the lifetime of the 

electrons due to intersub-band scattering. ( )fi f iΓ ≠  

are called as the relaxation rate between fth and ith 

states
27

. These quantities are related to a high extent 

electron–phonon interaction, and they need to be 

taken into account
43

.  

The changes in RI are related to the susceptibility as 

2

( ) ( )
Re

2r r

n

n n

� �∆
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� �

ω χ ω
. Using this relation, the 

analytical expressions for the linear and third order 

nonlinear RI changes, imply the evaluation of the 

following expressions which are given
42

 by : 
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where r rn = ε  denotes the static component of RI. 

The total AC and RI changes can be written as:  
 

(1) (3)( , ) ( ) ( , )I I= +α ω α ω α ω  …(11) 
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n n n
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3 Numerical Results and Discussion 

 The effects of external electric field and laser field 

have been studied on the linear and third order 

nonlinear ACs and RI changes of a GaAs spherical 

quantum dot which is located at the center of a 

Ga1−xAlxAs cylindrical nano-wire. The energy 

eigenvalues and corresponding wave functions are 

numerically calculated using FD approximation. The 

parameters used in the present work are reported
30,31,34

 

in Table 1. For simplicity, we assume the same 

relaxation time for all intersubband transitions
31

. 

 In all numerical calculations, the validity of method 

should to be confirmed. One way to check the 

accuracy of the produced wave functions is to test the 

orthogonality between states which are exactly 

orthogonal
37

. For solving an eigenvalue problem with 

FD approximation, the first step is to discretize the 

space and apply different FD schemes
38

. This discrete 

approximation leads to finite-dimensional matrix 

representation. In presented method for a geometry 

with parameters R1=6 nm, R2=20 nm and l=400 nm, 

the dimension of the matrix is set to be 6545×6545. 

This matrix dimension is suitable for a processor with 

22 GByte RAM. In Table 2, the absolute values of 

orthogonalities between three first lower-lying states, 

|�1|2�|, |�2|3�|, |�1|3�|, are presented in presence and 

absence of external electric field and laser radiation. It 

is clear that calculated wave functions are as reliable 

as expected. In the rest part of this paper, optical 

properties are calculated for 1-2, 2-3 and 1-3 

transitions and dot radius, nano-wire radius, nano-

wire height and aluminium concentration are set to be 

R1=6 nm, R2=20 nm and L=400 nm and x=0.3, 

respectively. 

 Figure 1 shows the linear, third order nonlinear and 

total optical ACs of the system as a function of the 

incident photon energy,in absence of laser field and 

for three different values of electric field strength. The 

following points are deduced from Fig. 1, for all 

transitions, the maximum value of total AC 

corresponds to the threshold photon energy, i.e., 

Table 1 — Values of parameters used in our calculations 

 

Parameters Values 

 

m*Ga1−xAlxAs/m0 0.0632+0.856+0.0231x
2 

x 1 xGa Al As

g
E −  1.424+1.510x+x(1−x)(0.127−1.310x) 

Qc 0.7 

Tfi 0.14 ps 

R1 6 nm 

R2 20 nm 

l 400 nm 
 

Table 2 — Absolute value of orthogonality between three first 

lower-lying states (|�1|2�|, |�2|3�| and |�1|3�| in presence and 

absence of electric and laser fields 

 

 |�1|2�|×10−11 |�2|3�|×10−11 |�1|3�|×10−11 

 

F=0 KV/cm, α0=0 nm 3.2316 1.7267 2.9603 

F=15 KV/cm, α0=0 nm 18.6537 17.00 56.7040 

F=0 KV/cm, α0=20 nm 0.1901 0.1120 0.3842 

F=15 KV/cm, α0=20 nm 11.0723 11.3328 11.0723 
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Eji≈hv. Additionally, for all transitions the linear AC 

is positive whereas the third order nonlinear term is 

negative. Therefore, the total AC is reduced by taking 

into account the nonlinear contribution
31

. For 1-2 

transition, the inter sub-band absorption spectrum 

shows red shift up to a certain value of electric field 

(F=15 KV/cm), by further increasing of the electric 

field the absorption spectrum shifts towards higher 

energies (blue shift). It is due to the variation of 

energy difference between ground and first excited 

states, E21. By increasing the electric field strength, 

E21 decreases, reaches a minimum value and then 

increases. The red or blue shift in absorption spectrum 

has been individually reported by several 

researchers
18,19,27,44

 but the presence of both blue and 

red shifts is an intrinsic property of the considered 

geometry in this paper. For 2-3 and 1-3 transitions, 

the peak values of ACs shift towards lower energies 

(red shift) as the electric field increases which is a 

direct consequence of decreasing effect of electric 

field on the E32  and E31. For 2-3 and 1-3 transitions, 

the ACs are smaller for stronger electric field. For 1-2 

transition and for small strengths of electric field 

(F<15 KV/cm), we can see that both the linear and 

third order nonlinear ACs decrease with increasing 

electric field. Therefore, it leads to a decrement in 

total AC. For large values of the electric field (F=15 

KV/cm), a reverse behaviour is observed. For this 

region |M21| and E21 are increased by increasing the 

strength of electric field but the energy difference 

between ground and first excited states is a dominant 

factor and causes a decrement in absolute value of the 

third order AC. Therefore, total AC increases as the 

electric field strength increases. 

 In order to investigate the effect of the laser field 

on the optical properties, the linear, third order 

nonlinear and total ACs are plotted in Fig. 2 as a 

function of the photon energy in absence of electric 

field. It is obvious that for all transitions a red shift 

appears in absorption spectrum with respect to the 

laser field. The physical origin of this behaviour is 

that by increasing the laser field the effective dressed 

Coulomb potential decreases, which in turn decreases 

the energy difference between different states 

between which the transition will occur. In absence 

and presence of laser filed, both ground and first 

excited states are localized inside the dot but the 

absence of laser field (i.e. stronger Coulomb 

potential) causes more localization of the ground and 

first excited states which is equivalent to a reduction 

 
 

Fig. 1 — Linear, third order nonlinear and total optical ACs for 1-2, 2-3 and 1-3 transitions as a function of the incident photon energy for 

three different values of strength of electric field 
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in the overlap of the wave functions. This behaviour 

leads to a reduction in the linear AC. On the other 

hand, in absence of the laser field, the second excited 

state is also mostly confined in the QD but the 

expectation value of the position vector for this state 

is larger than it for ground or first excited state. 

Hence, by increasing the laser field, the dressed 

Coulomb potential decreases, therefore, the geometric 

confinement of the electron in the second excited state 

decreases,so, it can penetrate into the potential 

barriers easily. This penetration modifies the sub-band 

dispersion relations and causes a reduction in the 

overlap wave function between ground and second 

excited states or first and second excited states
28,45

. 

Therefore, the magnitude of the absorption coefficient 

becomes smaller by increasing the laser field for 1-3 

and 2-3 transitions.  

 The RI changes are other important parameter in 

investigation of optical properties. In Fig. 3, the 

linear, third-order nonlinear and total RI changes have 

been plotted as a function of the incident photon 

energy for different values of electric field strength. 

Additionally, in Fig. 4 the same quantities are plotted 

for two different values of laser field, α0=0, 20 nm. 

As can be seen from Figs 3 and 4, RI curves have 

been plotted for different incident optical intensities 

for 1-2, 2-3 and 1-3 transitions. The reason of 

choosing different incident optical intensities is 

shown in Fig. 5. From Figs 3 and 4, it is clear that 

each RI curves has two extreme values. The region 

between these extreme values is called anomalous 

dispersion region and is defined as absorption band, 

since the photon is strongly absorbed
33

. Also, for each 

RI curve the threshold energy is where the RI curve 

intersects the horizontal axis. As can be seen, by 

increasing the strength of the electric field or laser 

field the threshold energies shift towards lower and/or 

higher energies. The physical reason of this behaviour  

is the same as has been shown in Figs 1 and 2. For 2-3 

and 1-3 transitions, RI changes increase the electric 

field or laser field decreases, especially for 1-3 

transition where the variations in RI curves are 

noticeably large. It is because of that the square of 

dipole moment matrix element is dramatically large 

for 1-3 transition. For 1-2 transition, RI changes 

increase as the laser field increases (see Fig. 4) and 

increase up to a certain value of electric field and then 

decrease as the electric field increases (see Fig. 3). 

 It is noticed from Eqs (7-10) that the linear AC and 

RI changes do not depend on photon  intensity but the  

 
 

Fig. 2 — Linear, third order nonlinear and total optical ACs for 1-2, 2-3 and 1-3 transitions as a function of the incident photon energy for 

two different values of laser field 
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Fig. 3 — Linear, third order nonlinear and total optical RI changes for 1-2, 2-3 and 1-3 transitions as a function of the incident photon 

energy for three different values of strength of electric field 

 

 
 

Fig. 4 — Linear, third order nonlinear and total optical RI changes for 1-2, 2-3 and 1-3 transitions as a function of the incident photon 

energy for two different values of laser field 
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Fig. 5 — Total optical AC and RI changes for 1-2, 2-3 and 1-3 transitions as a function of the incident photon energy for four different 

values of incident optical intensity, in absence of electric field and laser radiation 

 
third order AC and RI changes vary with photon 

intensity. Therefore, to see how the photon intensity 

affects the optical properties of the system, in Fig. 5 

the total optical AC and RI changes have been 

presented as a function of the incident photon energy 

in the absence of electric field and laser radiation for 

five different values of the incident optical intensity 

(I). From Fig. 5, it is clear that maximum value of AC 

decreases with increasing incident optical intensity, 

and the absorption is strongly bleached at  sufficiently  

high incident optical intensities. When I exceeds a 

critical value, I
(c)

, which indicates saturation, the 

nonlinear term causes a collapse at the center of the 

total absorption peak and splits it into two peaks
32

. 

Moreover, the critical I values depend on the 

transitions and are equal to I
(c)

=1 MW/cm
2
, I

(c)
=0.5 

MW/cm
2
 and I

(c)
=0.0016 MW/cm

2
 for 1-2, 2-3 and  

1-3 transitions. To  illustrate the  effects of  laser  field  

and electric field on the critical I values, they are 

calculated in the presence of laser and electric fields 

for 1-2, 2-3 and 1-3 transitions. Computed results are 

equal to I
(c)

=0.83 MW/cm
2
, I

(c)
=2.4 MW/cm

2
 and 

I
(c)

=0.11 MW/cm
2
 for F=0 KV/cm, α0=20 nm and are 

equal to I
(c)

=1.26 MW/cm
2
, I

(c)
=0.7 MW/cm

2
 and 

I
(c)

=0.15 MW/cm
2
 for F=15 KV/cm, α0=0 nm. It is 

clear that critical I values strongly depend on the 

presence and absence of electric and laser fields as 

well as on the states between which the transition will 

occur. We can explain this behaviour as follows: 

Increasing the electric field results in an increase in 

overlap of the wave functions for all transitions, 

whereas, increasing laser field leads to an increment 

(a decrement) in overlap of the wave functions for 1-2 

transition (2-3 and 1-3 transitions). On the other hand, 

due to the large overlap of the wave functions the 

linear absorption becomes bigger; hence, in this case 

the nonlinear absorption coefficient rapidly increases 

with the optical intensity which leading to a 

significant absorption bleaching
30

.Additionally, for 

0I ≅  the nonlinear changes in RI is equal to zero. As 

the incident optical intensity increases, the absolute 

value of nonlinear term increases, in other words, the 

amplitude of the total RI changes decreases which is 

equivalent to the wider AC. Furthermore, this means 
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that by increasing the incident optical intensity the 

anomalous dispersion region increases. Therefore, to 

study the optical properties, the nonlinear term should 

be taken into account, especially when the incident 

optical intensity is comparatively strong. Due to these 

facts in Figs 1-4 the ACs and RI changes have been 

presented for 1-2, 2-3 and 1-3 transitions with 

different incident optical intensity for each transition. 

 To investigate the effect of orientation of incident 

electromagnetic field upon the optical properties, the 

linear, third order nonlinear and total AC have been 

presented as a function of the photon energy for two 

representative β in Fig. 6, where β is the angle 

between radiation unit vector and z-axis. Fig. 6 shows 

the effect of β on the ACs in presence and absence of 

external electric field for 1-2, 2-3 and 1-3 transitions. 

By comparing Fig. 1 with Fig. 6, it is evident that 

ACs are inversely proportional to β. We also noticed 

that smaller β leads to higher and sharper peaks in the 

ACs. On the other hand, we also find that the ACs 

peaks appear at the same photon energy when β 

increases. This indicates no blue or red shift in 

absorption spectrum due to confinement strength and 

does not change with respect to β. 

 
4 Conclusions 

 In conclusion, the linear, third order nonlinear and 

total ACs and RI changes of a GaAs spherical QD 

which is located at the center of a Ga1−xAlxAs 

cylindrical nano-wire, have been investigated. The 

energy eigenvalues and wave functions are calculated 

by FD approximation. The accuracy of applied 

method is tested by evaluating the orthogonality 

between different states. It is shown that produced 

solutions by the applied method are of high accuracy. 

Optical ACs and RI changes are calculated for 1-2,  

2-3 and 1-3in the presence of electric field and laser 

radiation using density matrix formalism. Our results 

show that presence of electric field causes a red shift 

in ACs for 2-3 and 1-3 transitions and both blue and 

red shift for 1-2 transition. The laser radiation leads to 

a dressed Coulomb potential, and so decreases the 

energy difference between states which transition 

occurs. Additionally, the magnitude of total AC 

 
 

Fig. 6 — Linear, third order nonlinear and total optical ACs for 1-2, 2-3 and 1-3 transitions as a function of the incident photon energy for 

two different values of β  and different strengths of electric field 
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reduces by increasing the electric field and/or laser 

field for 2-3 and 1-3 transitions whereas for 1-2 

transition the magnitude of total AC decreases, 

reaches a minimum value and then increases by 

increasing electric field. Moreover, the total optical 

absorption is strongly affected by the incident optical 

intensity and critical I value depends on the electric 

field, laser radiation and energy states between which 

transitions occur. These effects can be useful for the 

design of optoelectronic devices. 
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