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In the present paper, we have developed a theoretical model of cylindrical magnetized plasma column consisting of 
electrons, ܭା	ions & heavy positive  ܽܤା	ion species. A gyrating ion beam of potassium having radius ~1.5 cm and energy 
10eV is launched through one end of the cylinder parallel to the static magnetic field and the electrostatic ion cyclotron 
wave is assumed to propagate nearly perpendicular to the magnetic field. The presence of heavy positive ܽܤା	ions in the 
collisionless magnetized plasma decreases the critical drift for the excitation of EIC waves and hence the injected beam 
drives the electrostatic ion cyclotron (EIC) waves to instability through Cerenkov interaction. Therefore, the plasma is 
observed to contains two excited EIC wave modes; a (light positive) ܭା	ion mode and a (heavy positive) ܽܤାion mode. The 
frequencies and growth rates for both the positive unstable modes are worked out using fluid theory for the typical existing 
experimental parameters which are found to increase with the increase in ion beam energy and beam density. It is also 
observed that the unstable wave frequency and growth rate for both the modes increases with the increase in relative ion 
concentration of ܭାand heavy ܽܤା positive ions respectively. Magnetic field is also one of the important factors which 
influence the plasma instabilities appreciably. As the magnetic field increases, the frequency of both the ion modes increases 
linearly. 

Keywords: Growth rate, Unstable frequency, Cerenkov interaction, Beam energy 

1 Introduction 
Recently, there has been growing much interest in 

studying electrostatic ion-cyclotron (EIC) waves1-40 in 
a wide variety of situations, ranging from laboratory 
experiments1,2 to space plasma22,23. D’ Angelo and 
Motley1 firstly reported the EIC oscillations in the 
laboratory plasma. In this paper, the electrostatic ion-
cyclotron oscillations were driven by applying a 
positive potential to a small electrode immersed in a 
single-ended Q-machine with a uniform magnetic 
field. These observed oscillations were identified as 
the current-driven EIC instabilities predicted 
theoretically later on by Drummond and Rosenbluth3. 
D’ Angelo and Merlino4 have also observed EIC wave 
modes in a plasma consisting of positive ions, 
negative ions and electrons. Sheehan5 has studied EIC 
waves in a plasma containing negative iodine ions. 
Song et al.6 have analyzed EIC waves in a plasma 
with negative ions in a Q- machine. Here, the authors 
have observed that the frequency of two EIC wave 
modes increases with the relative density of negative 
ions, while the critical electron drift velocities for the 
excitation of both the modes decreases with 

increasing ε. Suszcynsky et al.8 have analysed the EIC 
waves in a two-ion component plasma in a single-
ended Q-Machine containing different concentrations 
of ݏܥାand ܭାions. In this case, the authors have 
observed that the result is of interest in the context of 
EIC wave excitation in the ionosphere. Rynn10

discussed his and Lang’s work in ܭା/ܽܤାplasma. He 
studied the ion heating by the electrostatic ion 
cyclotron waves. Sugai et al.12 experimentally 
observed that the minority ion concentration of 
positive ions only a few percent give rise to a new cut 
off and resonance frequency near the minority-ion 
cyclotron frequency. Sarid et al.14 analyzed cyclotron 
modes in an unmagnetized Mg ion plasma. Angelo20 
has observed low-frequency electrostatic ion-acoustic 
and ion-cyclotron waves in a magnetized dusty 
plasma. The author has investigated the influence of 
negatively charged dust grains on plasma and found 
that the mode frequencies increase with increasing 
relative density. Suszcynsky et al.21 have reported 
current-driven EIC waves in the presence of a 
transverse dc electric field in a magnetized plasma. 
Michelson et al.24 have studied ion-cyclotron waves in 
a quiescent plasma into which a low energy beam of 
sodium ion was injected. In this case, the authors have 
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observed that the instability appeared when the beam 
velocity becomes more than 12 times the thermal 
velocity. Ion beam driven ion-cyclotron instability in 
neutral beam injection schemes for fusion plasma 
heating is analysed by Stix25 and in space plasma 
physics is analysed by Montogomery et al.26. Hendel 
et al.27 have observed ion beam driven electrostatic 
ion-cyclotron instability. Wolf et al.29 observed that 
the ion-cyclotron waves are considerably influenced 
by the presence of high-amplitude high-frequency 
waves. Merlino et al.31 have explained the theoretical 
and experimental results on the study of low-
frequency electrostatic waves in plasma containing 
negatively charged dust grains. Moreover, some 
interesting theoretical observations37-40 are also shown 
by many authors for laser beam-plasma interactions in 
magnetized two-ion and multi-ion species plasma. 
However, in the present study, we report the 
excitation of electrostatic ion-cyclotron wave 
instability by a gyrating ion beam in a magnetized 
collisionless uniform plasma containing electrons, 
 ାions species. The numericalܽܤ ାions and heavyܭ
analysis of electrostatic ion-cyclotron wave instability 
is worked out using fluid theory. The response of 
beam and two positive unstable EIC modes are 
obtained and explained. We derived the expression 
for the frequencies and growth rates for the two EIC 
mode instabilities in the presence of light ܭାpositive 
and heavy ܽܤାpositive ions using first-order 
perturbation method. The discussion on results is 
provided in the last Section. 

2 Dispersion relation of EIC wave instability 
Consider a cylindrical magnetized uniform 

collisionless plasma column of radiusܾଵwhich 
contains electrons, light positive ܭା ions and heavy 
positiveܽܤାionspecies having densities as ݊଴௘ ൌ
݊଴௣݊଴௅ା ൌ ௅݊଴௣and ݊଴ுାߙ ൌ  ,ு݊଴௣ respectivelyߙ
immersed in a static magnetic field i.e.,ܤ௦ ∥ 	 መܼ. Here, 
let us consider,ߙ௅and  
ுሺൌߙ 1 െ  ሻ be the fractional concentration of	௅ߙ

 ݊଴௣ is the	ାions respectively andܽܤ ାions andܭ
electron plasma density. The charge, mass and 
temperature of the three species (electrons, ܭାions 
and heavy	ܽܤାions) are given as	ሺെ݁,݉௘ ,ܶ௘ሻ, 
ሺ݁,݉௅ ,ܶ௅ሻ and ሺ݁,݉ு ,ܶுሻ respectively, where 
ܶ௘~ܶ௅~ܶு.A gyrating ion beam with velocity	
Ԧݒ ൌ ሺߠୄݒ෠ ൅ ௕଴ݒ መܼሻ, mass ݉௕, density ݊଴௕	and 
radius	ݎ௕଴ ൌ 1.5	ܿ݉	propagates through one end of 
the plasma cylinder of radius ܾଵ along the magnetic 

field ܤ௦ ∥ 	 መܼ.The beam plasma system prior to the 
perturbation is quasi-neutral, such thatെ݊଴௘ ൅ ݊଴௅ା ൅
݊଴ுା ൅ ݊଴௕is approximately zero. There is no electric 
field present in the equilibrium and plasma is partially 
uniform. 

The equilibrium is perturbed by an electrostatic 
perturbation to the potential 

߶ଵ ൌ ߶ሺݎሻ݁ି௜ሺఠ௧ି௟ఏି௞೥௭ሻ  … (1) 

The equations of motion and equations of 
continuity as given below 

݉௘ ቂ
డ௩ሬԦ೐
డ௧
൅ ሺݒԦ௘ Ԧ௘ݒሻ׏. ൌ െ݁ܧሬԦ െ

௘

௖
ሺݒԦ௘ ൈ ௦ሻܤ െ ܶ௘

௡೐׏

௡బ೐
ቃ   … (2) 

݉௅ ቂ
డ௩ሬԦಽ
డ௧
൅ ሺݒԦ௅.׏ሻݒԦ௅ ൌ ሬԦܧ݁ ൅

௘

௖
ሺݒԦ௅ ൈ ௦ሻܤ െ ܶ௅

௡ಽ׏

௡బಽశ
ቃ   … (3) 

݉ு ቂ
డ௩ሬԦಹ
డ௧

൅ ሺݒԦு Ԧுݒሻ׏. ൌ ሬԦܧ݁ ൅
௘

௖
ሺݒԦு ൈ ௦ሻܤ െ ܶு

௡ಹ׏

௡బಹశ
ቃ…(4) 

ቂ
డ௡೐

డ௧
൅ .׏ ሺ݊௘ݒԦ௘ሻቃ= 0 … (5) 

ቂ
డ௡ಽ

డ௧
൅ .׏ ሺ݊௅ݒԦ௅ሻቃ ൌ 0 … (6)

ቂ
డ௡ಹ

డ௧
൅ .׏ ሺ݊ுݒԦுሻቃ ൌ 0 … (7)

On linearization Eq. (2), we obtain the perturbed 
density of electrons given as 

݊ଵ௘ ൌ
௡బ೐	௘థభ

்೐
ൌ

௡బ೛	௘థభ
்೐

  … (8) 

The linearization of Eq. (3) gives the perturbed 
velocities 

௭௅ଵାݒ ൌ
௞೥௘థభ
௠ಽఠ

൅
்ಽ௞೥௡భಽశ

௠ಽఠ	௡బಽశ
… (9)

and 
௅ଵାୄݒ ൌ

௘

௠ಽ ൤
௜ఠ	ாሬԦభ఼ିாሬԦభ఼ൈఠሬሬሬԦಽశ

ሺఠమିఠಽశ
మ ሻ

൨ െ
்ಽ

௠ಽఈಽ௡బಽశ
ሺ௜ఠ׏఼௡భಽశା׏఼௡భಽశൈఠሬሬሬԦಽశሻ

ሺఠమିఠಽశ
మ ሻ

   … (10) 

where superscript 1 represents the perturbed 
quantities and	߱௅ାሺൌ ௦ܤ݁ ݉௅ܿ⁄ ሻrepresents cyclotron 
frequencies for ܭା ions. ݒ௭௅ଵାand	ୄݒ௅ଵାare the axial 
and perpendicular components of the perturbed 
velocities. 

The response of ܭା ions is given by   

ቀ1 െ
௖ಽ	
మ ௞೥మ

ఠమ ቁ ൅
௖ಽ	
మ ఼׏

మ ௡భಽశ

ሺఠమିఠಽశ
మ ሻ

ൌ െ
௘௡బಽశ

௠೗ ൤
఼׏
మథభ

൫ఠమିఠಽశ
మ ൯

െ
௞೥మ

ఠమ൨												…	(11) 
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where	ܿ௅ሺൌ ܶ௘ ݉௅⁄ ሻଵ ଶ⁄ is the thermal velocity of 
 .ions	ାܭ

Using Eqs. (9) and (10) in the continuity equation 
[cf. Eq. (6)], we obtain the perturbed density for 
 ାions asܭ

݊ଵ௅ା ൌ െ
௡బ೛ఈಽ௘௖ಽ

మ

்ಽ
൤

఼׏
మథభ

ఠమିఠಽశ
మ െ

௞೥మథభ
ఠమ ൨ … (12) 

Similarly, the perturbed density for heavy positive 
 ାions is given asܽܤ

݊ଵுା ൌ െ
௡బ೛ఈಹ௘௖ಹ

మ

்ಹ
൤

఼׏
మథభ

ఠమିఠಹశ
మ െ

௞೥మథభ
ఠమ ൨     … (13) 

where ܿுሺൌ ܶ௘ ݉ு⁄ ሻଵ ଶ⁄ 	is the thermal velocity for 
heavy positive ions  and߱ுାሺൌ ௦ܤ݁ ݉ுܿ⁄ ሻis the 
cyclotron frequency for heavy positive ions. 

Following Sharma and Tripathi9 the perturbed 
density of spiraling ion beam can be written as  

݊ଵ௕ ൌ െ
ேబ௘	ఋሺ௥ି௥್బሻ൬

೗మ

ೝమ
ା௞೥మ൰థభ

ሺధି௟ഘ೎್ሻ
మ	௠್	ଶ	గ	௥್బ

… (14)  

Using Eqs. (8), (12), (13) and (14) in the Poisson’s 
equation׏ଶ߶ଵ ൌ ሾ݊ଵ௘	݁ߨ4 െ ݊ଵ௅ା െ ݊ଵுା െ ݊ଵ௕ሿ … (15) 

and using the values߱௣௘ଶ ൌ
ସగ௡బ೛௘మ

௠೐ , ߱௣௅
ଶ ൌ

ସగ	ఈಽ	௡బ೛௘మ

௠ಽ , ߱௣ு
ଶ ൌ

ସగ	ఈಹ	௡బ೛௘మ

௠ಹ  and  ߸ ൌ ߱ െ ݇௭ݒ௕଴ , 

 we obtain a second-order differential equation in 
߶ଵ, which can be rewritten for the axially symmetric 
case as  

డమథభ
ப௥మ

൅
ଵ

௥

பథభ
ப୰

൅ ܳଶ߶ଵ ൌ െ
ଶ	ேబ௘మ	ఋሺ௥ି௥್బሻ൬

೗మ

ೝమ
ା௞೥మ൰థభ

ே	ሺధି௟ഘ೎್ሻ
మ	௠್	௥್బ

     … (16) 

where,	ܰ ൌ ൬1െ
ఈಽఠ೛ಽ

మ

ఠమିఠಽశ
మ െ

ఈಹఠ೛ಹ
మ

ఠమିఠಹశ
మ ൰ and ܳଶ ൌ

൮
ି
ഘ೛೐
మ ೘೐

೅೐
	ା	

ഘ೛ಽ
మ ഀಽೖ೥

మ

ഘమ
	ି	௞೥మା

ഘ೛ಹ
మ ഀಹೖ೥

మ

ഘమ

൭ଵ	ି	
ഀಽഘ೛ಽ

మ

ഘమషഘಽశ
మ 	ି	

ഀಹഘ೛ಹ
మ

ഘమషഘಹశ
మ ൱

൲ 

Therefore, Eq. (16) can be rewritten as 

ଶ߶ଵୄ׏ ൅ ܳଶ߶ଵ ൌ െ
ଶ	ேబ௘మ	ఋሺ௥ି௥್బሻ൬

೗మ

ೝమ
ା௞೥మ൰

ே	ሺధି௟ഘ೎್ሻ
మ	௠್	௥್బ

… (17) 

In the absence of a beam, Eq. (17) becomes 
డమథభ
ப௥మ

൅
ଵ

௥

பథభ
ப୰

൅ ቀ݌௠ଶ െ
௟మ

௥మ
ቁ߶ଵ ൌ 0 … (18) 

Here, Eq. (18) is a Bessel equation giving a 

solution߶ଵ ൌ ݎ  ሻ. Atݎ௠݌௟ሺܬܣ ൌ ܾଵ,  ߶ଵ ൌ 0	 ⟹ ௠݌ ൌ
௑೙
௕భ

(n=1,2,3,4,5………) 
i.e., ܺ௡are the zeros of the Bessel functionܬ଴ሺݔሻ. In the

presence of beam, the wave function ߶ଵcan be expressed in 
a series of orthogonal sets of the wave function 

߶ଵ ൌ ∑ ሻ௠ݎ௠݌଴ሺܬ௠ܣ … (19)

Now, using Dirac Delta property and solving equations 
(17) and (19), we obtain

ܳଶ െ ௠ଶ݌ ൌ െ
ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ௃೗

మሺ௣೘௥್బሻ

ே	ሺధି௟ഘ೎್ሻ
మ௃೗శభ
మ ሺ௣೘௕భሻ

… (20)

After putting all the values, the above Eq. (20) can be 
rewritten as 

െሺ݇௭ଶ ൅ ௠ଶ݌ ሻ െ
ఠ೛೐
మ ௠೐

்೐
൅	

ఠ೛ಽ
మ ఈಽ௞೥మ

ఠమ ൅
ఠ೛ಹ
మ ఈಹ௞೥మ

ఠమ ൅

ఈಽఠ೛ಽ	
మ ௣೘

మ

ఠಽశ
మ ൅	

ఈಹఠ೛ಹ
మ ௣೘

మ

ఠಹశ
మ ൌ െ	

ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ௃೗

మሺ௣೘௥್బሻ

ሺధି௟ഘ೎್ሻ
మ௃೗శభ
మ ሺ௣೘௕భሻ

   … (21) 

After simplifying Eq. (21) and multiplying both sides by 
ሺ௞೥మା௣೘

మ ሻ

௣೘
మ ,  also assumingߙଵ ൌ

ሺ௞೥మା௣೘
మ ሻ

௣೘
మ ൅

ఠ೛೐
మ

௩೟೐
మ ௣೘

మ ,

Eq. (21) can be written as 

1െ
ఠ೛ಽ
మ ఈಽ௞೥మ

ఈభఠమ௣೘
మ െ

ఈಽఠ೛ಽ
మ

ఈభሺఠమିఠಽశ
మ ሻ	

െ
ఠ೛ಹ
మ ఈಹ௞೥మ

ఈభఠమ௣೘
మ െ

ఈಹఠ೛ಹ
మ

ఈభሺఠమିఠಹశ
మ ሻ

ൌ

െ	
ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ

ఈభ	௣೘
మ 	ሺధି௟ഘ೎್ሻ

మ௃೗శభ
మ ሺ௣೘௕భሻ

… (22)

In the presence of only ܭାions, Eq. (22) can be 
rewritten as 

1 െ
ఠ೛ಽ
మ ఈಽ௞೥మ

ఈభఠమ௣೘
మ െ

ఈಽఠ೛ಽ	
మ

ఈభሺఠమିఠಽశ
మ ሻ	

ൌ 	
ఠ೛್
మ ቆ ೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ

ఈభ	௣೘
మ 	ሺధି௟ഘ೎್ሻ

మ௃೗శభ
మ ሺ௣೘௕భሻ

				… (23) 

Multiplying both sides by ߱ଶሺ߱ଶ െ ߱௅ା
ଶ ሻ	and after 

rearranging the terms, we obtain 

߱ସ െ ߱ଶ ൬	߱௅ା
ଶ ൅

ఠ೛ಽ
మ ఈಽ

ఈభ
൅

ఈಽఠ೛ಽ	
మ ௞೥మ

ఈభ	௣೘
మ ൰ ൅

ఈಽఠ೛ಽ	
మ ௞೥మ	ఠಽశ

మ

ఈభ	௣೘
మ ൌ

ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ	ఠమሺఠమିఠಽశ

మ ሻ		௃೗
మሺ௣೘௥್బሻ

ఈభ	௣೘
మ 	ሺధି௟ഘ೎್ሻ

మ௃೗శభ
మ ሺ௣೘௕భሻ

… (24)

where	ߙଵ ൌ
ሺ௞೥మା௣೘మ ሻ

௣೘
మ ൅

ఠ೛೐
మ

௩೟೐
మ ௣೘

మ = 
௞మ

௣೘
మ ൅

ఠ೛೐
మ

௩೟೐
మ ௣೘

మ ൎ
ఠ೛೐
మ

௩೟೐
మ ௣೘

మ  

Equation (24) can be rewritten as 
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ሺ߱ଶ െ ܿଵଶሻሺ߱ଶ െ ܿଶ
ଶሻሺ߸ െ ݈ఠ೎್ሻ

ଶ ൌ

	
ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ	ఠమሺఠమିఠಽశ

మ ሻ		௃೗
మሺ௣೘௥್బሻ

ఈభ	௣೘
మ ௃೗శభ

మ ሺ௣೘௕భሻ
  … (25) 

 

where,ܿଵଶ ൌ 	߱௅ା
ଶ ൅ ݇ଶߙ௅ܴܿு

ଶ  … (26) 
 

andܿଶ
ଶ ൌ

	ఠಽశ
మ ఈಽ	௞೥మ	ோ	௖ಹ

మ

	ఠಽశ
మ ା௞మఈಽோ௖ಹ

మ  … (27)  
 

ܴ ൌ
ெಹ	

௠ಽ   and ܿு
ଶ ൌ

்ಹ	

௠ಹ 

 
Here,߱ ൎ ܿଵcorresponds to ܭାion mode and߱ ൎ

݇௭ݒ଴௕ ൅ ݈ఠ೎್
corresponding to the beam mode. But, 

we are looking for solutions, when	߱ ൎ ݇௭ݒ଴௕ ൅ ݈ఠ೎್
. 

In this case the two factors on the left-hand side of 
Eq. (25) are simultaneously zero in the absence of 
beam. In the presence of beam, we can expand 
߱as߱ ൎ ܿଵ ൅ ଵߜ ≃ ݇௭ݒ଴௕ ൅ ݈ఠ೎್

൅  ଵ isߜ  ଵ, whereߜ
the small frequency mismatch due to finite right-hand 
side of Eq. (25). Then Eq. (25) gives the growth rate 
of unstable ܭା ion mode as  
Γ ൌ ଵߜ	݉ܫ ൌ

቎
௖భ
ଶ

ሺ௖భ
మିఠಽశ

మ ሻ	ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ௖ಽ
మ

ఠ೛ಽ
మ 	ሺఠమି௖మ

మሻ	௃೗శభ
మ ሺ௣೘௕భሻ

቏

ଵ ଷ⁄

√ଷ

ଶ
				 … (28) 

 
The real frequency of unstable mode in term of 

beam energy is given by 

߱௥ ൌ ݇௭ ቀ
ଶ௘௏್
௠್ ቁ

ଵ ଶ⁄
െ

ଵ

ଶ
቎
௖భ
ଶ

ሺ௖భ
మିఠಽశ

మ ሻ	ఠ೛್
మ ቆ ೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ௖ಽ
మ

ఠ೛ಽ
మ 	ሺఠమି௖మ

మሻ௃೗శభ
మ ሺ௣೘௕భሻ

቏ … (29) 

 
where ݁ ௕ܸ is the beam energy. However, in the 

absence of ܭାions and presence of heavy ܽܤାions 
Eq. (22) can be rewrittenas 

1െ
ఠ೛ಹ
మ ఈಹ௞೥మ

ఈభ	ఠమ௣೘
మ െ

ఈಹఠ೛ಹ	
మ

ఈభ	ሺఠమିఠಹశ
మ ሻ	

ൌ 	
ఠ೛್
మ ቆ ೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ

ఈభ	௣೘
మ 	ሺధି௟ഘ೎್ሻ

మ௃೗శభ
మ ሺ௣೘௕భሻ

    … (30)  

 
Multiplying both sides by 	߱ଶሺ߱ଶ െ ߱ுା

ଶ ሻ and 
after rearranging the terms, we get 
 

߱ସ െ ߱ଶ ൬	߱ுା
ଶ ൅

ఠ೛ಹ	
మ ఈಹ

ఈభ
൅

ఈಹఠ೛ಹ	
మ ௞೥మ

ఈభ	௣೘
మ ൰ ൅

ఈಹఠ೛ಹ	
మ ௞೥మ	ఠಹశ

మ

ఈభ	௣೘
మ ൌ

	
ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ	ఠమሺఠమିఠಹశ

మ ሻ		௃೗
మሺ௣೘௥್బሻ

ఈభ	௣೘
మ 	ሺధି௟ഘ೎್ሻ

మ௃೗శభ
మ ሺ௣೘௕భሻ

 … (31)  

 

Equation (31) can be rewritten as  
ሺ߱ଶ െ ݀ଵଶሻሺ߱ଶ െ ݀ଶ

ଶሻሺ߸ െ ݈ఠ೎್ሻ
ଶ ൌ

	
ఠ೛್
మ ቆ

೗మ

ೝ್బ
మ ା௞೥మቇ	ఠమሺఠమିఠಹశ

మ ሻ		௃೗
మሺ௣೘௥್బሻ

ఈభ	௣೘
మ ௃೗శభ

మ ሺ௣೘௕భሻ
  … (32) 

where,	݀ଵଶ ൌ 	߱ுା
ଶ ൅

௞మఈಹ௖ಽ
మ

ோ
 … (33)  

 

݀ଶ
ଶ ൌ

ఈಹ	௞೥మఠಹశ
మ 	௖ಽ

మ

	ோ	ఠಹశ
మ 	ା	௞మఈಹ௖ಽ

మ … (34)  

 
Here,߱ ൎ ݀ଵcorresponds to the	ܽܤାion mode 

and	߱ ൎ ݇௭ݒ଴௕ ൅ ݈ఠ೎್
corresponding to the beam 

mode. Eq. (32) gives the growth rate of the unstable 
mode as 
 

Γ ൌ ଵߜ	݉ܫ ൌ ቎
ௗభ
ଶ

ሺௗభ
మିఠಹశ

మ ሻ	ఠ೛್
మ ቆ ೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ௖ಹ
మ

ఠ೛ಹ
మ 	ሺఠమିௗమ

మሻ௃೗శభ
మ ሺ௣೘௕భሻ

቏

ଵ ଷ⁄

√ଷ

ଶ
… (35)  

 

The real frequency of unstable mode in terms of beam 
energy is given by 
 

߱௥ ൌ ݇௭ ቀ
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ଵ ଶ⁄
െ

ଵ

ଶ
቎
ௗభ
ଶ

ሺௗభ
మିఠಹశ

మ ሻ	ఠ೛್
మ ቆ ೗మ

ೝ್బ
మ ା௞೥మቇ	௃೗

మሺ௣೘௥್బሻ௖ಹ
మ

ఠ೛ಹ
మ 	ሺఠమିௗమ

మሻ௃೗శభ
మ ሺ௣೘௕భሻ

቏ 

 
3 Results  

In the numerical calculations, we have used the 
following typical plasma parameters of the existing 
experimental paper of Rynn10 for EIC waves: electron 
plasma density ݊଴௘=	݊଴௣ ൌ 10ଵ଴ cm-3, temperature of 
electron, ܭାand heavy positive ܽܤାions as, 
ܶ௘~ܶ௅~ܶு ൌ0.2eV, R (݉ு/݉௅ሻ ൌ 3.5 , radius of 
plasma column b1=2 cm, beam radius of potassium 
beam rb0 = 1.5 cm, beam energy Eb = 10eV, guiding 
magnetic field Bs ~ 3x 103 gauss and mode number  
n = 1, i.e., the first zero of the Bessel function. EIC 
waves are the longitudinal oscillations of electrons or 
ions which propagates nearly perpendicular to the 
magnetic field. We have studied the EIC waves driven 
to instability by gyrating ion beam. However, the 
frequency of any ion beam driven EIC instability is 
lower than any electron beams driven instability. But 
temperature of plasma influences its growth rates, as 
hotter is the plasma, more will be the growth rate. 
Here, due to an increase in the relative concentration 
of positive ions, the ion-cyclotron wave exhibits two 
ion modes, a light ܭା mode and a heavy ܽܤା mode. 
Using Eqs. (28) and (35), we have plotted Figs. 1 & 2 
where it can be observed that the growth rate Γ  
(in sec-1) of both the unstable electrostatic ion-
cyclotron modes increases with their respective 
relative ion concentrations. In Fig.3, using Eqs. (29) 
& (36), we have plotted real unstable wave frequency 
߱௥	versus beam energy (eVb) for K+ and heavy Ba+ 
ions and observed that the increase in beam energy 
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increases the unstable wave frequency and our 
theoretical plot of unstable wave frequency ߱௥ with 
beam energy in the presence of positive ions is 
qualitatively similar to Fig. 2 (b) of the experimental 
paper of Hendel et al.15  

In Fig. 4, the normalized parallel phase velocity 
߱௥/݇௭ ௜ܸ [cf. Eq. (36)] as a function of beam velocity 
Vb/Vi is plotted and we found that the parallel phase 
velocity varies linearly with the beam velocity. In 
Fig. 5, the frequency of ܭା ion mode and ܽܤା ion 
mode as a function of magnetic field ܤ௦ for different 
value of relative ion concentrations of these ions is 
also plotted. Our theoretical plots are in line with the 
experimental observation of Suszcynsky et al.8  
[cf. Fig. 4]. In Fig. 6, the dispersion relation ߱௥/߱ுା 

for heavy positive ܽܤା ion as a function of 
concentration ݀ ൌ ݊஻௔ା݇௭/߱ுା	is plotted. Here, we 
have observed that the frequency increases with 
increasing concentration d, and for any fixed value of 
d, the frequency increases with the increase in 
concentration of ܽܤା ions. The theoretical 
observations of our study show that the growth rate 
of the unstable modes in the presence of ܭା	ions and 
heavy positive ܽܤା ions increase with the beam 
density and scales as the one-third power of the 
beam density [cf. Equations (28) and (35)]. The 
real part of frequency varies as one-half power of 
beam energy. 

Fig. 1 — Growth rate Γ (in sec-1) of the unstable  ܭାion mode as
a function of relative concentration	ߙ௅. 

Fig. 2 — Growth rate Γ (in sec-1) of the unstable ion mode as a
function of relative concentration ߙு. 

Fig. 3 — Unstable real wave frequency of  ܭା and  ܽܤା ion mode 
as a function of beam energy Eb (eV). 

Fig. 4 — Normalized parallel phase velocity of  ܭାand  ܽܤାions 
as a function of beam velocity Vb/Vi. 
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4 Discussion 
Hence, a gyrating ion beam propagating through 

the collisionless magnetized plasma gives energy to 
the electrostatic ion cyclotron wave through Cerenkov 
interaction and excite it into two unstable ion modes; 
light positive ܭାand heavy positive ܽܤା. The growth 
rate of both the unstable modes in the presence of 
heavy positive ions increases with the beam density 
and scales as the one-third power of the beam density. 
Also, the parallel phase velocity varies linearly with 

the beam velocity. The unstable frequencies of both 
the modes are drastically influenced by the magnetic 
field also, the frequencies increase with the increase 
in magnetic field. However, this increase in the 
frequency is more rapid for the light positive ions as 
compared to the heavy positive ions. 

The theoretical understanding of EIC waves in 
plasma/dusty plasma is very important in order to 
understand the theoretical aspects of the phenomenon 
occurring in the universe. On the other side, positive 
ion plasmas are found in the earth’s ionosphere, 
magnetosphere and solar winds. Even the interstellar 
nebulae contain a mixture of several positive ion 
species, e.g., ܪା,ܱା,݁ܪା,ܱଶ

ା	&	ܱܰାetc., while the 
concentration of these ions increases with height. Our 
theoretical model is predicting the excitation of 
electrostatic ion-cyclotron wave modes by the 
resonant ion beams and the dependence of growth rate 
of EIC wave instabilities on the relative 
concentrations of these positive ions. Our work may 
find various applications in understanding the space 
plasma, astronomy, astrophysical plasma as well as 
terrestrial plasma.  
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