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Multidimensional quantum systems (qudits), as a generalization of two-level quantum systems (qubits), can exhibit distinct 
quantum properties, provide higher capacity and noise robustness in quantum communications. Qudits also offer higher 
efficiency and flexibility in quantum computing. Present paper studies the bipartite entanglement betwixt a molecular photoion 
(qudit) and photoelectron (qubit) produced in the photoionization from rotationally state selected, oriented polyatomic molecule 
without observing spin-orbit interaction (SOI). In absence of SOI, Russell-Saunders (RS) coupling is applicable. The dimension 
of ionic qudit depends on its electronic state. The degree of entanglement is quantified by the concurrence obtained from the 
elements of density matrix (EDM) for photoionization. The theoretical formulation for entanglement has been developed for 
photoionization of rotationally state selected, oriented C3v molecules. It is applied, as an example, to photoionization in 2

113a

orbital of a state selected oriented CH3I in a pure 
J JJK M rotational state. We find that the entanglement depends significantly 

on the rotational states of the molecule as well as either or both on the directions of molecular orientation, of spin quantization, 
and of the incident beam along with its polarization. A significant effect on entanglement properties due to the circular 
dichroism (CD) has also been observed. 
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1 Introduction 
Quantum entanglement1 is the essential resource of 
quantum information theory (QIT)2-4. Recently, efforts 
have been given to characterize the entanglement 
properties for higher dimensional systems. In fact, 
entangled state of d-dimensional quantum systems 
(d >2), the qudits, can improve measurement 
resolution5,6 and the use of qudit can reduce the number 
of qubits by a factor of log2d

7,8. Multipartite and qudit 
systems are also useful for developing quantum 
communication protocols which provides greater 
security in quantum cryptography9,10 and reduces  circuit 
complexity11,12 compare to qubit system. Several 
groups8,13-15 have already investigated  entanglement of 
photonic qudits. Though photons are the fastest and 
excellent carrier of information and they may be 
entangled however they are not suitable for long term 
storage as well as not correlated16. Ions and electrons are 
stable, easily detectable and capable of storing 
information for a long period of time. Electrons are the 
lightest particle and can move with speeds comparable 
to photon. It has been already suggested that electron 
spin can be used for quantum computation1,11. 
 

Photoionization is one of the simplest processes in 
atoms and molecules for producing bipartite 
entangled and  correlated states of qubit (emitted 

photoelectron with spin 
2

1
) and qudit (residual

phtoion with spin 
2

3

 
which is ≥1) with non-zero rest

mass. Theories have been developed for studying 
entanglement of an ionic qudit and electronic qubit 
produced in single-photoionization17 as well as in 
double-photoionization18,19 for atoms. Several workers 
have investigated entanglement properties in single-
step double photoionization (DPI)20 and two-step 
DPI11,21,22 for electronic qubits as well as for qudit-
qubit23 system in randomly oriented linear molecules. 
However, the studies of photoionization of state 
selected and oriented molecules have been known24,25 
to be potentially richer source of information on 
photoionization dynamics than those performed on 
randomly oriented molecules. 

In this article we, probably the first time, study the 
entanglement properties of bipartite states of an 
electronic qubit (say e) and ionic qudit (say M +), 
without observing SOI, produced by single-step 
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photoionization from rotationally state selected and 
oriented polyatomic molecule following the 
absorption of a single photon. The entanglement is 
generated between the photoelectron and residual 
phtoion due to the Coulombic forces inside the 
molecule. The dimension of the Hilbert space of the 
qudit depends upon the electronic state of the residual 
photoion M+. We have investigated photoionization of 
those molecular systems prepared in a single 
rotational state of their ground electronic level by an 
electrostatic hexapole field25 and can be oriented26 in 
space by applying a weak homogeneous electric field 
E in their gas phase. The angle-resolved photoelectron 
spectroscopy (ARPES) caused by absorption of a 
single photon in molecules oriented in space in a pure 
rotational state of their ground electronic motion 
provides an opportunity to study simultaneously the 
effects of gaseous molecular orientation and of its 
nuclear rotation on the bipartite entanglement 
between an electronic qubit and ionic qudit. The 
theoretical formulations developed herein have been 
applied to symmetric top polar molecules CY3X 
(where X is a halogen (F, Cl, Br, I) and Y is a H, F,or 
methyl), belonging to C3v point group, have very 
successfully been state selected and orientated using 
electrostatic hexapole techniques25. We have also 
studied the effect of circular dichroism (CD) on the 
entanglement in this article. Circular dichroism in 
photoelectron angular distribution has added an extra 
dimension to study of photoionization processes in 
oriented molecules. Several theoretical studies have 
predicted a circular dichroism in the angular 
distribution (CDAD) of photoelectrons for oriented 
molecules27-29 and also in rotationally state selected, 
oriented molecules24,30. Experimental studies of 
CDAD for oriented diatomics (CO, NO), benzene, 
and CH3I (C3v molecule) have been performed by 
Westphal et al.31. 

Bell’s theorem1 provides us a necessary and 
sufficient condition for the existence of entanglement 
only for pure bipartite states of qubits. On the other 
hand, the negative partial transpose (NPT) condition, 
suggested by Peres32 & Horodecki33-35, is a necessary 
and sufficient for entanglement of both pure and 
mixed qubit states. A fundamental fact is that this 
necessary and sufficient condition for entanglement is 
valid when the dimension of the Hilbert space of a 
system does not exceed six. Therefore in this article 
as a measure of free entanglement, we have used 
concurrence36,37 which can be generalized to study 

entanglement for higher dimensional cases and can 
also quantify the degree of entanglement. However to 
investigate bound entanglement Horodecki’s 
inequality condition7,33 have been applied.  

In section 2, we develop the general expressions 
for density operator (DO) and EDM for ARPES in 
rotationally state selected and oriented molecules. The 
theory is used to study photoionization in rotationally 
state selected and oriented symmetric top C3v

molecule in section 3. A quantitative application of 
entangled properties in the photoionization from 2

113a

orbital of a state selected, oriented CH3I molecule is 
given in section 4. Section 5 contains the conclusion 
part of this work. 

2 Theoretical Formulation for Density operator and 
elements of density matrix for qudit-qubit system  

One step single photoionization (SPI) process of a 
rotationally state selected and oriented molecule M 
due to absorption of a single photon of frequency r
can schematically be represented by 

( 1, )

ˆ( ; , ).

r r r

p

h l m M i M f

e k u







  


  … (1) 

Here M+ denotes the residual singly ionized 
molecule. The propagation vector of the emitting 
photoelectron ep (of orbital angular momentum l, spin 
angular momentum s=1/2 and mass mp) is 

)( , ,k kk k  


 such that its kinetic energy is given 

by 2 2
./ 2 pk m   ( 1 / 2)    represents the 

projection of the spin angular momentum of the 
electron, ejected in the (pτhl) channel24 (p stands for 
irreducible harmonics (IR) of the point group of the 
molecule, τ denotes a component of this IR if its 
dimensionality is greater than one, and h distinguishes 
between different bases of the same IR corresponding 
to the same value of l), along its spin quantization 
direction ˆ ( , )u uu   (Fig. 1). 

Here, Er = rh and 1rl  are respectively the 

energy and the angular momentum of the incident 
photon absorbed by the molecule M. The state of 
polarization of the photon is represented by the 
parameter rm . Where i  and f are the bound 

electronic states of M with energy Ei and the residual 
photoion M+ possessing energy Ef respectively. Let

( , , )    be the sets of Euler angles needed to 
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specify the orientation of molecular frame of 
reference with respect to space frame of reference and

ˆ( ( , ), 0)p p pp   are sets of Euler angles which 

rotates the space frame into photon frame. Here the 
ket 1 rm is used to designate a photon state in its own 

frame of reference. If 1 r is the photon state in the 

molecule-fixed frame, we can write38 
 

11 ( ) 1 .
r r

r

r m p r
m

m D    … (2) 

where Ds are the well known rotational harmonics. 
Here (

0 , fL L
 

) are the orbital angular momenta and 

(
0 , fS S
 

) are the spin angular momenta of M and 

M+ respectively. We use the symbols 

0 0
, , andL S L Sf f

M M M M to represent the respective 

projections of 0 0, , and f fL S L S
  

along the polar axis of 

the space frame. The electronic states of 
M and M+ in L-S coupling  

are given by39 as 
0 00 0, , ,L Si L S M M JKM

and , , ,
f ff f L Sf L S M M respectively. We have 

then 

0 r fL l L l  
  

0

1
( )

2fS S s  
 

… (3)

The density operator for the process SPI (1) in the 
L-S coupling can be written as

 
0 0

0 00 0

0 0

†

(2 1)(2 1)

x ;1 ;1 .
L S

L S

p r r p
M L M S

L S

F i m i m F



 




 

 
… (4)

Here 
1 23 3

2 4
1

4
.

3 r

n
p r

p mr i
i

m E
F r

e

 




 
   
 


 


 is the 

photoionization operator which represents the 
interaction of the atomic electrons (whose number is 
n) with the incident photons in the E1 dipole

approximation and 

22

3
r

e

E



 

   
 

with α the 

dimensionless fine structure constant40. 
rm


is a 

spherical unit vector40 which specifies polarization of 
electromagnetic wave incident in the process (1). The 
required EDM can be written as 

ˆ ˆ; ;

ˆ ˆ; ; .

f f

f

f f f f

L ff

SPI
f f S p f f S p

L

f f L S p f f L S p
M L

L S M uk L S M uk

L S M M uk L S M M uk
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  
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  

 

 

 

… (5) 

Fig. 1 ⸻ Emission of photoelectron (ep) from the molecule (M) following photoabsorption. 
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Here 
00 0ˆ; ;1

ff f S p p S rL S M u k F L S M m


is the 

photoionization amplitude. The normalized eigen 
functions for a J JJK M rotational state41 of the 

qudit-qubit system are 
1 2

2

2 1
( ).

8 J J

J
J J K M

J
JK M D 


   

 
… (6)

Thus the probability that the polar axis of the 
molecule in its J JJK M rotational state between 

β and β+dβ becomes24 

 
2

0

( )

1
1 (2 1) (2 1)

02

x (cos ).
0

J J

J J

JK M J J J J

J
K M

J Jn

n
J J

P JK M JK M d d

J J n
J n

K K

J J n
P

M M







 
      
 
  





    


… (7a) 

This expression for probability takes a particularly 
simple form24 

2

0

1
( ) (2 1) (cos )

2J J

J

JK M n n
n

P n P P 


  ,  … (7b) 

where  

 1 (2 1)
0

x .
0

J JK M
n

J J

J J

J J n
P J

K K

J J n

M M

  
     
 
   … (7c)
For evaluating (5) we substitute in it the values of 

photoionization amplitude, its Hermitian conjugate as 
well as (3), (6) and (7). The result can be simplified by 
analytically evaluating as many sums as possible present 
therein by applying Racah algebra. It requires, for 
example, the use of (a) the addition theorems from38 for 
rotational and spherical harmonics, (b) Eq. (6.2.5)38 for 
converting a single sum of the product of three 3-j 
symbols into a product of one 3-j and one 6-j symbols , 
(c) identity (5) given on page 453 in Ref.42 for
converting a single sum of the product of two 3-j
symbols into a product of two 3-j and one 6-j symbols
summed over two variables, (d) Eq.(14.42) from43 which
transforms a quadruple sum of the product of four 3-j
symbols into a double sum containing two 3-j and one 6-
j symbols, (e) Eq.(3.7.9)38 for changing a phase factor
into a 3-j symbol, (f) orthogonality (3.7.7)38 of 3-j
symbols.

The simplified form of EDM for angular 
distribution (EDMAD) in the process (1) in the 
absence of SOI can be written in the following form: 

2

0 ; ' '

ˆ ˆ; ;

( ; )
ˆ( ; ; ) ,

ˆˆ

f f

S Sf f
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f f S p f f S p

r J J
f M M

p

L S M uk L S M uk

d m JK M
S S u

dpdk
 

  

 
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 … (8) 

where 
2 2( ; ) ( )

( ).
ˆ ˆˆ ˆ J J

r J J r
JK M

p p

d m JK M d m
P

dpdk dpdk

  
        … (9) 

Here the term
2 ( ; )

ˆˆ
r J J

p

d m JK M

dpdk

  denotes the angular 

distribution (AD) of rotationally state selected and 

oriented molecule. Whereas the first term 
2 ( )

ˆˆ
r

p

d m

dpdk



on the right-hand side of (9), describes the angular 
distribution of free gaseous molecule, can be written 
in the following form  

0 1
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0
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*
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ˆˆx[ ( )]* ( ) (cos ).r

r r

r p p
hlm h l m

f

f p r r p f

M
L L L

l l L
b b
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L l F L L F L l

Y p Y k P

 
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 
   
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 

 


 … (10)

The coefficients p
hlmb  are needed to form basis angular 

functions [also called generalized harmonics (GH)] 
which belong to the pth IR of dimensionality of the 

molecular point group40,44. Finally 0, ,1f p rL l F L 
with r = 0 and ± 1 are the photoionization amplitudes 

in the El approximation. Substituting (7) and (10) in (9) 
and simplifying we obtain  
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0 1

2

0
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It is a positive quantity and acts as a multiplicative 
factor in the EDMAD in (8) for SPI process (1). The 
circular dichroism for angular distribution (CDAD) in 
photoionization of state select and oriented molecules is 
given by 
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So, the EDM due to circular dichroism (EDMCD) 
for the process (1) in the absence of SOI can be 
written in the following form:  
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The first term present in right hand side of equation 
(13) is a positive quantity and acts as a multiplicative 
factor in the EDMCD. The second term (i.e.,

0 ; ' 'ˆ( ; ; )
S Sf f

f M MS S u   ) present on the right hand side of 

Eqs. (8) and (13) is the EDM for spin-correlation 
(EDMSC), completely determines the entanglement 
properties among electronic qubit (ep) and ionic qudit
( )M  , can be written as 
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with   ( , ,0),u u u  the Euler angle which rotates the 

polar axis of the space-frame into the spin quantization 
direction û  (Fig. 1). 
 

As a measure of the degree of entanglement, we 
consider the concurrence36,37 which can be defined as  
 

 1 22C 2(1 )ATrace   … (15) 
 

where A is the reduced density matrix. 
 

3 Calculation of EDMSC between qudit and qubit 
system of rotationally state selected and oriented C3v 
molecule 

Here we consider photoionization for the transition 
from a1 bound orbital of a state selected and oriented C3v 
molecule. The group theoretical considerations show 
that one of the E1 transitions44 is allowed in which the 
continuum orbital of the emitted photoelectron belongs 

to doubly degenerate E IR (
3

2

2 1
1a e ), with p = 1, h =1, 

l =1, 2  and 3

2fS  . Moreover we have considered 

here two experimental geometries for which the incident 
light is parallel ˆ[ . ., ( 0, )]p pi e p   and perpendicular 

ˆ[ . ., ( , )]
2p pi e p
 

 
to the weak and homogeneous 

orienting electric field E


in the OZ direction (Fig. 1).  
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3.1 Calculation for AD and CDAD  

The expression for angular photo-current 
(11) for the transition described in previous
paragraph when the incident light is parallel to
the orienting electric field E


(parallel geometry)

is given by

 
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Whereas for the incident light perpendicular 
to the orienting electric field E


(perpendicular 

geometry) the angular photo current 
becomes 

2
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Where σ, the detection-integrated photoionization 
cross-section,  , the angular asymmetry parameter 
and δ, the Coulomb phase are all energy 
dependent quantities.  

The CDAD given in Eq. (12), when the circularly 
polarized (CP) radiation is parallel to  
orienting electric field E


, becomes identically zero.

That is 
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However if the CP photon beam incidents on the 
molecular target in a direction perpendicular to E


, the

CDAD becomes 
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3.2 Bipartite Coulombic entanglement between ionic qudit and 
electronic qubit 

The expression for EDMSC for rotationally 
state selected and oriented C3v molecule can be 
calculated from (14) for the following two cases. 

0

1 3
(i) When with ,

2 2f fS S S   the EDMSC,

0 ; ' 'ˆ( ; ; )
S Sf f

f M MS S u   is given in Table 1. 

The eigenvalues of EDMSC calculated from 

Table1 are 
1 1 1

, , ,0,0,0,0,0
3 3 3

 
 
 

.These eigenvalues 

are independent of the spherical angles ( , )u u 
specifying the spin quantization direction û . We also 
find that the EDMSC in Table 1 has more than one 
nonzero eigenvalues which suggest that all the states 

for 
3

2fS  are mixed states45.  

For measuring the degree of entanglement, we have 
calculated the concurrence using Table 1 according to 
the definition given in (15) which yields  

1 2
25cos1

7
8 9

uC
  

       
… (20) 

The variation of concurrence with u is shown in 
Fig. 2. Fig. 2 shows that the system is entangled (free 
entanglement) for all values of u .  

0

1 3
( ) withhen

2
W ,

2f fii S S S    the value of the 

square of the concurrence becomes negative and does 
not show the free entanglement. Horodecki et al.33 
have shown that though a system may not obey the 
condition for free entanglement it may have bound  
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entanglement if the dimension of the Hilbert space is 
more than six and obeys the inequality condition written 
below 

0Rank[ ( ; )]

Max{Rank[ ( Rank[ (

1 3

2 2

)], )]}

f f

p

S S S

e M



  





 

 … (21) 

Here,
0Rank[ ( ; )]

1 3

2 2f fS S S  is 2(2 1) 8fS   ,

Rank[ ( )] 2pe  and Rank[ ( )]M   is (2 1) 4fS   . So, 

the state 
0

1 3
with

2 2f fS S S    obeys the condition (21) 

and hence possesses bound entanglement. 
 
4 Results and Discussion 

In this section, we present our results of the 
calculations developed in section 3 of this paper for 

photoionization from 2
113a orbital of a single J JJK M

rotational state of an oriented gaseous CH3I molecule. In 
our study we have used photon energy of 16 eV reported 
by Carson et al.46 corresponding to σ = 15.5 Mb and  
 = 0.28 in the process (1) of the photoelectrons emitted 

with energy 3.5 eV. Also we have considered 1 5J 
appropriate for low-temperature beams. 
 

Using equations (8), (16) and (20), the concurrence 
of EDM for angular distribution (EDMAD) in 
photoionization of CH3I for the values of k p  and 

2

  in case of parallel geometry becomes  
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where 111J JJK M   and 
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 where 511 .J JJK M   
Similarly for perpendicular geometry, using 

equations (8), (17) and (20), the concurrence for 
EDMAD is given by  
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for 111J JJK M    

and 

 
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(0;511) 0.0183 43.71 0.3cos 0.58cos

x 1 0.794 cos .. 23b.
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for 511 .J JJK M   
 

From Figs 3 & 4 we see that nature of variations as 
well as magnitudes of concurrence (i.e. entanglement) 

 

Fig. 2 ⸻ Variation of EDMSC Concurrence with spin quantization
direction (u). 
 

 
 
Fig. 3 ⸻ Variation of EDMAD Concurrence for parallel geometry 
[for 111J JJK M   (a) and for 511J JJK M   (b) with 

respect to k  and u . 
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depend on the direction of incident photon beam, of 
ejection of photoelectrons alongwith their spin-
polarization and also on the rotational states of gaseous 
CH3I molecule. R. B. Bernstein and his group25 
performed experimental measurement for AD of 
photoionization of state selected and oriented CH3I 
molecule. This experimental technique can equally be 
applied for the measurement of EDMAD in our present 
case of CH3I molecule.  

The equation (18) shows that the value of CD in case 
of parallel geometry becomes zero and consequently the 
concurrence of EDM circular dichroism (EDMCD) in 
this case will also be zero. Using equations (13), (19) 
and (20), the concurrence for EDMCD in 
photoionization of CH3I molecule in case of 
perpendicular geometry, where the values of 

2k p

    and 0  , yields 

 1 22(0;111) 0.933sin 1 0.794cos ,CD k uC    
 

 

when 111J JJK M   
 

and 
 

 1 22(0;511) 0.179sin 1 0.794cos ,CD k uC    
… 

(24) 

 

when 511J JJK M  . 

From Figs (3), (4) & (5) we find that the natures of 
concurrences (i.e., entanglement measurement) are 
different for EDMAD and EDMCD for rotationally state 
selected and oriented gaseous CH3I molecule. It is also 
observed from Fig. (5) that though the natures of 
variations of EDMCD concurrences are same, their 
magnitudes differ for different rotational states in 
photoionization of CH3I molecule. C. Westphal et al.31 
have performed CDAD measurements for the oriented 
CH3I molecule. The same experimental techniques can 
also be used to observe the EDMCD effect of CH3I 
molecule, state selected and oriented through 
electrostatic Hexapole field method25. 

 
 

Fig. 4 ⸻ Variation of EDMCD Concurrence for perpendicular
geometry [for 111J JJK M   (a) and for 511J JJK M 

(b)] with respect to k  and u . 
 

 
 

Fig. 5 ⸻ Variation of EDMCD Concurrence for perpendicular 
geometry [for 111J JJK M   (a) and for 511J JJK M 

(b) with respect to k  and u . 
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5 Conclusion 
High-dimensional quantum entanglement is 

currently a great interest of research as it can enable 
higher encoding efficiency in quantum 
communication protocols, such as quantum key 
distribution and quantum teleportation. 
Photoionization is a simple natural process and has 
played a very important role in the development of 
quantum mechanics. In this article we have 
introduced a scheme for generation of qudit-qubit 
entanglement by using the method of photoionization 
in rotationally state selected, oriented C3v molecules. 
The entanglement is quantified by concurrence. A 
quantitative application has been considered for the 
bipartite case in photoionization from 2

113a orbital of a 

rotationally state selected oriented CH3I molecule. 
This bipartite system may be in mixed states and may 
possess free or bound entanglement. The qudit-qubit 
system can be either totally entangled or partially 
entangled or separable depending on the spin states of 
target M and residual ion M+ as well as of the 
direction of incidence of photon beam along with its 
polarization, of spin quantization and of ejection of 
the photoelectrons. It is also observed that rotational 
state of the target molecule and circurlar dichroism 
have significant effects on the entangled properties of 
the system. 
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